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PREFACE TO THE FIRST EDITION. 



The ' following treatise is not a mere reprint, but 
may be regarded as a new and modified edition of my 
Elementary Treatise on Statics. The structure of the 
book has been considerably changed, and I have given up, 
in deference to the opinion of seyeral friends, the conver- 
sational form which I adopted in my former work for 
purposes of explanation. Doubtless there were disad- 
yantages attaching to the method which I then employed, 
but I am bound to say, that in abandoning it I have felt 
that there were also advantages for the loss of which I am 
not sure that I have been able to compensate. 

No addition of any importance has been made, with the 
exception of the appendix to Chapter vii, on the Principle 
of Virtual Velocities. This appendix can be either read 
or omitted by the student at the option of his tutor. 

I have adhered to the division of the subject into 
experimental and demonstrative Mechanics; I believe 
that this mode of treatment is very advantageous, and 
that even those students who are intending to proceed to 
the higher branches of Mechaii\ea3b\i^\iKi\!A^^'t\s^<^^<5R.<25^ 
treatment will find consideTaUe sA^wafeaJg^e Vxjl x^^^^x^cast 
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the elementary principles as in a certain sense capable of 
experimental demonstration, and in knowing mechanical 
truths not only as the results of mathematical reasoning, 
but as truths familiarly exhibited to the eye. The excel- 
lent apparatus devised by Professor Willis, and referred 
to in the note of p. 12, makes the experimental treatment 
of the subject possible and easy for every Lecture-Room ; 
and I think that the duty of dealing with the science of 
Mechanics in this way, of course in subordination to a 
genuine mathematical treatment, cannot be pressed too 
strongly upon all teachers and lecturers. 

The Deanery, Ely, 
Mayy 1861. 



At the request of the Publishers I have superintended 
the passage of *he present edition through the press : 
with the exception of the systematic addition of headings 
to the articles, and a few slight alterations, it is a reprint 
of the edition of 1865. 

P. T. MAIN. 

St John's College, Cambridge, 
Octoftcr, 1871. 
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INTRODUCTORY. 



1. TN the following elementary treatise it will be 
-L assumed that the reader is acquainted with 
Plane Geometry as found in Euclid's Elements, with Al- 
gebra, and with Plane Trigonometry. 

It would be possible to gain some knowledge of Me- 
chanics without haying first studied the latter two branches 
of pure Mathematics, but it is so very much to the 
adyantage of the student to postpone his entrance upon 
mixed Mathematics until he has become familiar with the 
elements of the subjects just mentioned, that X shall 
assume him to haye adopted this order of study. 

2. Meaning of the terms pure and mixed Mathematics. 

Haying spoken of pure and mixed Mathematics, let 
me explain what is meant by the terms, and point out the 
distinction between these two great branches of science. 

Pure Mathematics are concerned with the conceptions 
of space and number, or space and quantity. Geometry is 
the science of space. Algebra that of number or quantity. 
Trigonometry, as usually treated, combines both space and 
quantity. All the higher branches of pure Mathematics 
inyolye the same conceptions, and may in fact be classed 
either as Geometrical or Algebraical, or as partly Geome- 
trical and partly Algebraical. 

Mixed Mathematics is the term used to include ^5\ 
those sciences, in which mathem2tl\c8\T^^%Q>mTL"^\^^'»^^'^^ 
upon conceptions other than tVvoa© oi «^^^^ «sx^ \s»ssistf23t 
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For example : Meoln&ics, or the science of Force ; Optics ; 
Hydrostatics ; Astronomy. 

3. The peculiar difficulty of mixed Mathematics, 

The superior difficulty of this latter class of sciences 
will be perceiyed at once. Geometry is made to depend 
upon definitions and axioms, the meaning and the truth of 
which are easily seen. There is no difficulty in understanding 
what is meant by a triangle, a circle, a parallelogram ; the 
mind easily grants that the whole is greater than its part, 
that if equals be added to equals the wholes will be equal, 
that two straight lines cannot include a space, and so on. 
The definitions and axioms of number are more simple 
still. But when we wish to reduce the science of force to 
mathematical calculation, it is not so easy to devise de- 
finitions and axioms upon which we can reason: what 
X9 force ? how is its effect to be measured ? what principles 
can we lay down, as the ground upon which our reasoning 
can be conducted ? 

4. Division of Mechanics into Statics and Dynamics. 

It will be the purpose of the following pages to an- 
swer these questions ; that is, to shew how mechanical pro- 
blems, or problems involving the conception of force, can 
be reduced to mathematical reasoning. Let me introduce 
the subject by observing that the science of mechanics 
divides itself into two great branches. If I throw a ball 
into the air, it is a mechanical problem to find the path 
which the ball will describe, the time which vrill elapse be- 
fore it strikes the ground, the manner in which it will re- 
bound after striking, the path which it will describe after 
the rebound, and so on. This would be called a dynamical 
problem, and 'belongs to the more difficult branch of the 
subject There are much easier problems: for example; 
I take a steelyard and suspend a weight from its shorter 
arm, and another weight from its longer arm, and it is a 
mechanical problem to find the proportion of the weights 
when the arms are given, or the proportion of the arms 
when the weights are given. This would be called a 
statical problem. The fundamental distinction is, that in 
the former case we have motion, in the latter we have 
none. 
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6. Definition of force. 

In the present treatise we shall be concerned only 
with the simpler branch of Mechanics, which is called 
iStatics : that is^ we shall be concerned with problems, in 
which the forces are so balanced one against another that 
they do not produce any motion. 

It will be observed, however, that although in those 
problems with which we shall be engaged there be no mo- 
tion, there is a tendency to motion. A book upon a table 
does not move, because it is supported by the table ; but it 
has a tendency to move, and would move, if the table were 
taken away. If I push against a heavy block of stone, I 
shall probably not move it, because the friction will be so 
great as to prevent it from moving; but it has a tendency 
to move, and wotdd move, if I were strong enough to move 
it Hence we define force by reference to motion, or 
tendency to motion; and we say that. 

Any cause which produces or tends to produce motion 
in a body is called force, 

6. Meaning of the terms body, particle. 

This is the formal definition of force, and applies 
equally to Statics and Dynamics. Now let me say a few 
words upon the meaning of the term body, which occurs in 
the definition. 

We describe all .things which are the objects of our 
senses, as wood, lead, water, air, &a, under the name of 
matter, and any portion of matter whether large or small 
is called a body. If the body be inconceivably small it is 
called a particle, and a body may be regarded as made up 
of particles. Every particle is a body, but all bodies are 
not necessarily particles. In all cases in which we speak 
of the action of a force, it is necessary to suppose the exist- 
ence of a body upon which the action takes place. 

7. How the magnitudes of forces are measured. 

The next point for our eonsideration is the method of 
measuring a force. In statics, as I have said, forces do 
not produce motion, but counteract the eflfect of each other 
80 as just not to produce motion. We shall not be abl^ 
therefore in statics to measure a foTC^\>^ «a^ x^\et^\!kS» \ft 
the motion which it will produce m a ^vi«ii\>o^i\'^^^os»^ 
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measure it by comparing it with some known or standard 
force. Nothing can be more convenient for this purpose 
than a given weight Take for instance a weight of 1 lb. : if 
a force will just lift this weight, the force may properly be 
described as a force of 1 lb. If it will just lift two such 
weights fastened together, it may be described as a force 
pf 2lbs.; and so on. 

And generally, if a force is just capable of lifting a 
weight of P lbs., it is called a force of P lbs., or more 
shortly^ a force P ; and a force just capable of lifting a 
weight of Q lbs. is called a force Q. Whenever therefore in 
this treatise on Statics, the reader finds a force denoted 
by a letter of the alphabet, as P, Q, R, &c., he will under- 
stand that these letters represent numbers, and that the 
numbers are the numbers of pounds which the forces 
lire respectively capable of just lifting. 

8, Force is measured in terms qf weiglvt for convenience. 

He will understand also that it is for convenience, and 
not of necessity, that reference is made to weight, as a 
standard by which to measure force. Instead of taking as 
the unit of force that force which will just lift a weight of 
1 lb., we might take the force which would just break a 
given beam, or just bend a given spring, but it is manifest 
that this would not be so convenient a method. 

9. A force is completely known if its magnitude, 
direction, and point of application are known. 

In order to describe a force something else must bo 
given beside the number of pounds which it will just lifL 
Two horses of equal strength move a carriage because they 
are harnessed in such manner as to pull in parallel di- 
rections ; if they were harnessed on opposite sides of the 
carriage, so as to pull in opposite ways, the carriage would 
not move ; and yet they might be exerting precisely the same 
amount of force as before. Hence, to know the real effect 
of a force acting on any given particle, we must know not 
only its magnitude, but also its direction; not only the 
intensity with which it pulls, but the direction in which it 
tends to make the particle on which it acts move, and in 
which the particle would begin to move if not hindered. 

And not only must we know th§ magnitude and direction 
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of a force, in ordor to know its real effect^ but it is easy to 
satisfy ourselves that there is nothing else connected with a 
force that we can know. If we know the magnitude and 
direction, then we know the force completely. 

10. Ths line qf action and magnitude qf a force may 
he represented by a straight line. 

Hence a very convenient mo4e of representing force 
suggests itself, which will be used continually throughout 
this treatisa 

In order to determine or describe a finite straight line, 
it is necessary that we should know concerning it just these 
two things and no more, which have been described as neces^ 
sary in the case of a force. We must know the magnitude 
of the straight line and its direction, and we then know 
everything. It is clear therefore that we may take a finite 
straight line to represent a force ; the direction in which 
the straight line is drawn will shew the direction of the 
force, and with regard to its magnitude it will only be 
necessary to agree that a certain length of line shall repre- 
sent a certain amount of force ; as for instance, that 1 inch 
shall stand for lib.; and then by measuring the line we 
shall know how many pounds it is intended to represent* 

11. Use of an arroto-head to indicate direction. 

This method of representing forces, which is of infinite 
use in mechanics, is called representing forces geometric- 
ally. I will endeavour to describe it more precisely. 

Let AB represent in magnitude and 

direction a certain force P. Then P A B 

stands for P lbs., and if we agree to re- 
present a pound by an inch, AB must contain P inches. 
Moreover the position of AB on the paper represents P's 
direction, or (as it is sometimes called) the line of P'« action. 
There is nothing however in this representation to shew 
whether the force is acting from A towards B, or from B 
towards A, This deficiency in the representation may be 
supplied by the introduction of an arrow- 
head, as in the annexed figure, in which j^ B 
the force is supposed to act upon a particle 
at -4, and to tend to make it move from\e^\. \iCk T«^c^»^jst^'«ft». 
the papen Sometimes the aymboV ytYw!^ ^««ift\«5^ ^^ \Qs>silr 
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nitude of the force is also introduced; 

thus the annexed figure would represent J^ ^^ 

a force P tending to make the particle 

at A move in the direction of the arrow-head. 

12. Application to two or more forces acting upon the 
same particle* 

This method may berfurther applied to represent two 
or more forces acting upon the same particle. Thus tliO 
particle A may be under the action of 
two forces P and Q, acting in different 
directions, and we should represent this 
state of things by such a figure as is here 
given. And so on for any number of 
forces. 

13. The fundamental problem of Statics, 

The representation here given of two forces acting 
on the same particle introduces us to that which is the 
fundamental problem of Statics. It is manifest that two 
forces acting on a particle, as in the last figure, cannot pos- 
^bly counteract each other, cannot produce equilibrium. 
MQtion would ensue; and such motion cannot be prevented, 
except by the action of some third force. Of course two 
equal forces, if they act in opposite directions, can keep a 
particle at rest, or in equilibrium ; but in no other case is 
this possible; in general there must be three forces at 
least, in order that a particle may be kept by their united 
action in equilibrium. Then suppose we have two forces 
JP and Q acting upon a 
particle A, and suppose k>^' 
that the particle would N 
begin to move in the direc- *^ 
tion AX; produce AX 
backwards to N, and suppose AN to be a string made fast 
at N; then it is evident that the particle cannot move at 
all ; and therefore it will be possible to find a force i?, which 
acting in the direction AN will counteract the combined 
effect of the forces P and Q. Thus it is clear that three 
forces may be found to keep a particle at rest ; and that if 
two forces be given, a third may always be found which shall 
counteract the effect of the other two. The discovery of 




Introductory. 7 

the magnitude and direction of this third force, which will 
counteract the effect of two given forces, is the fundamental 
problem in Statics. 

14. Experimental and demonstrative treatment of 
the problem. 

There are two methods of solving this problem. The 
one by reference to experiment; the other by mathe- 
matical demonstration depending upon axioms after the 
manner of geometry. This latter is the true scientific 
method ; but there is considerable advantage to be derived 
from treating the subject in the first instance experi- 
mentally ; the reader will find himself familiarized by the 
experimental treatment with the new conceptions belonging 
to the subject, before he has to deal with those conceptions 
in their more abstract form ; he will know in fact distinctly 
what it is that he is required to prove mathematically, be- 
fore he is called to the effort of following and understanding 
the proof. 

15. Importance to the stiident qf writing as well as 
reading, 

I say the reader; but I cannot refrain from taking 
this opportunity of reminding the student, that he will find 
writing a much more effective mode of study than reading. 
Let him write out from the book several times any difiicult 
proposition, and he will find that he has gained more know- 
ledge of the proposition than ho could have gained in a 
much longer time spent in merely reading it. The method 
of writing, which appears slow and laborious, is in reality to 
all, except a very few, an important economy of time and 
trouble. 

16. The next two Chapters deal with statical principles 
treated experimentally. 



CHAPTER II. 

EXPERIMENTAL MECHANICS. COMPOSITION AND 
RESOLUTION OF FORCES WHICH ACT AT ONE 
POINT, OR ON THE SAME PARTICLE. 



1. Condition of equilibrium of two forces acting on 
a particle, 

THE simplest case of forces acting^ at the same time 
upon the same particle, is that of two forces acting 
in such a manner as to keep it at rest. 

It is evident that a particle under the action of two 
forces cannot be at rest unless the two forces be exactly 
equal in magnitude and opposite in direction. Let us de- 
note by P and Q two forces acting upon a particle in 
opposite directions, then for equilibrium we must have 

p=Q : (1), 

orP-C = (2). 

2, Resultant of two, or more forces, acting upon the 
same particle and having tlie same line of action. 

If the forces P and Q be not equal, the greater will 
preponderate; and the particle will be under exactly the 
same circumstances as if it were acted upon by the excess 
of the greater over the smaller force. For instance, if a 
particle be acted upon by a force of 5 lbs., tending to draw 
it from left to right across the leaf of this book, and by a 
force of 3 lbs., tending to draw it from right to left, the 
particle will be under exactly the same circumstances as if 
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it were acted upon by a force of 2 lbs., tending to draw it 
from left to right In this case the force of 2 lbs. is said to 
be the resultant of the two opposite forces 5 lbs. and 3 lbs. 
More generally, if the two forces P and Q act in opposite 
directions, and P be the greater, P-Q will be the result- 
ant of P and Qy and will tend in the same direction as P« 
The resultant of these two forces may be denoted by E, and 
we shall then have 

P-e=22 (3). 

It is evident that if P act upon the particle and tend to 
draw it in one direction, and Q together with R tend to 
draw it in the opposite direction, the particle will be at 
rest. 

If P and Q tend to draw the particle in the same di" 
rection, and we call B their residtant, we shall have in like 
manner 

P + Q=B (4). 

And generally, if a particle be acted upon by any num- 
ber of forces Pj Pj Pg... tending to draw it in one di- 
rection, and by any number Qi Q^ Q3... tending to draw it 
in the opposite direction, and we call B the resultant, we 
shall have 

Pi + P,+P84-..*-Qi-Q2-Q3-...=i2 (6). 

3. Use qfthe sj/mhols + and — in representing forces. 

It is frequently convenient to use a symbol for a 
force, which shall indicate not only the magnitude of the 
force, but also the direction in which it acts. Now in Trigo^ 
nometry we make use of the signs + and — to indicate the 
directions in which straight lines are drawn, and very great 
advantage is derived therefrom. If 

we take a fixed point A, and draw a jj^ "^ jj 

straight line AB of length a in a 
given direction, and then draw a straight line AB^ of the 
same length (a) in the exactly opposite direction, we dis- 
tinguish AB firom AB by calling AB-^a, and AB—a. 
It is quite unnecessary to explain to any person, who is 
acquainted with Trigonometry, the remarkable simplicity 
and generality which is given to form\]dsfb Vy3 \Xfik& TUkRKSosjftL* 
Suppose then we adopt a aimiiax co\iN«u\AsycL x^'s^OaflasL 
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forces ; that is, if ^ be a particle acted upon by a force P 
tending to move it from A towards B, let us denote the 
force by + P, and then we can denote by — P an equal 
Ibroe tending to move the particle ftH>m A towards B. 

4. General expression for tJie resultant of any nwm- 
'ber of forces acting upon a particle, and having the same 
line of action. 

We can by this convention enunciate, in a very neat 
and simple form, a proposition which expresses the rule for 
finding the resultant of any number of forces, acting upon 
a particle along the same straight line, but some tending to 
move it in one direction along the straight line, and others 
to move it in the exactly opposite direction ; for we may 
say that 

The resultant of any number of forces having tlie 
same line of action is the algebraical sum of the forces. 

Or if we denote by Pi Pji^... any number of forces 
acting in the same line, and by B their resultant, and if 
Pi Pa P3... represent positive or negative quantities as 
the case may be, we shall have 

Pi + Pji4-P3 + ... = /2 (6). 

6. General condition of equilibrium of any number 
(f forces acting upon a particle and having the same line 
of action. 

We may further make use of the convention concern- 
ing positive and negative forces to enunciate the general 
condition of equilibrium of any number of forces acting 
upon a particle and having the same line of action ; for we 
may say, that under such circumstances the particle will 
be at rest if the algebraical sum of the forces be zero, 

6. Definition of the resultant of forces acting on a 
particle in any directions. 

The term resultant, which we have used in this very 
simple case, is one of much more general application. 
Whatever forces may act on a particle and in whatever 
directions, they will be equivalent to one single force; for 
if they be not such as to keep the particle at rest, or to 
produce equilibrium, the particle will begin to move in a 
certain direction, and it can be prevented from moving by 
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a single force acting upon it in the exactly opposite direc- 
tion ; call the force which is just sufficient for this purpose 
R, then i? is in equilibrium with the whole system of forces ; 
but so it would be with a force R applied in the direction 
in which the particle would b^n to move ; consequently 
the whole system of forces is equivalent to one single force 
Ry acting in that direction in which the particle would 
begin to move. And R is therefore termed the residtant 
of the system of forces, , 

7. The general problem of Statics. Preliminary _ 
problem to be solved. 

The general problem of Statics may be said to be, to 
find the resultant of any system of forces. The problem 
is much simplified by supposing the lines of action of all 
the forces to lie in the same plane, which for clearness of 
conception we will suppose to be the plane of the paper ; 
and to this limited case we shall confine ourselves. It will 
be found, however, that notwithstanding this limitation the 
results at which we shall arrive will be applicable to a very 
large class of interesting questions. Our first step must be 
to solve this problem : Given the magnitude and direction 
of two forces (P and Q) which act upon a particle, to deter- 
mine their resultant (R), Or, which is the same thing, 
Given that three forces acting in the same plane upon a 
particle keep it at rest, to find the relations which subsist 
amongst the magnitudes and directions of the three 
forces. 

8. TTie two methods of solving the problem. 
'Now in considering the case in which a particle was 
acted upon by forces having the same line of action, we 
were able at once to deduce our results by reference to the 
simplest principles: but the problem with which we are 
now concerned does not admit of so easy a solution. There 
are (as I have already observed in the preceding chapter) 
two modes of solving it ; we may either have recourse to 
experiment, or we may demonstrate it mathematically by 
means of certain axioms concerning force. At present we 
shall be concerned with the former method. 

9. Enunciation of the parallelogram qf forces. 
Wo might commence with somA ^YL^xvcckKo^ Vst '^^ 
purpose of determming tho xeYaX^oTa, ^\l\Ocl^^ x^'s^^s^assi^^ 
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of two forces given in magnitude and direction will bear to 
the forces themselves; but it will be more simple to enun- 
ciate the result at which mathematicians have arriyed^ in 
the form of a theorem, and then shew how the theorem 
may be experimentally yerified. This theorem is usually 
called the Parallelogram qf Forces, and may be enunciated 
as follows : 

If two forces acting upon a particle be represented in 
magnitude and direction by two straight lines drawn 
from th^ particle^ then that diagonal of the parallelogram 
described upon these two straight lines which passer 
through the particle will represent the resultant in magni- 
tude and also in direction. 

Suppose, for instance, that A is the particle, and let it 
be act^ upon by a force represented in magnitude and 
direction by AB, and by another p' 
force represented in magnitude 
and direction by AC; complete 
the parallelogram ACDB; then 
the resultant force will act in the 
direction AD, and will be repre- 
sented by AD in magnitude. So 
that if we produce AD backwards to D\ and make AD' 
equal to AD, then AB, AC, AD\ will represent three 
forces in equilibrium upon the particle A. 

10. Experimental proof of the parallelogram offerees. 
We shall now explain a method of proving by experi- 
ment the truth of this theorem. 

Let A and B be two small wheels turning upon hori- 
zontal pivots inserted into a ver- 
tical board. The wheels must be 
carefully constructed, so as to 
avoid friction as much as possible. 
Let P, $, R be three weights 
attached to the extremities of 
three silk cords, the other extre- 
mities of which are all knotted 
together in one point C*. 

* For this and for all other experimental illustrations of Statical prin- 
ciples I would recommend the apparatus devised by Professor Willis, and 
which may be obtained from Messrs Elliott, BroUiers, Stnuu^ London; or 
from Messrs Rigg, of Chester. 
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Now let the chords supporting two of the weights, as P 
and Q, be made to rest upon the wheels A and ^, as in 
the figure, and let the weight R hang from the point (7. 
Then it will not be difficult to arrange the system in such 
a manner that it shall rest as represented in the figure; we 
have therefore the point G kept at rest by three forces 
acting in the direction of the three cords. 

And these three forces will be measured by the three 
weights P^ QyR: for the effect of the wheels A and B is 
(neglecting any effect arising from friction) merely, to 
change the direction of the strings ; that is, the force which 
must be applied at (7 in the direction AG in order to sup- 
port the weight P must be a force whose measure is P, 
The point G is therefore kept at rest by three forces P, Q, 
R acting in the directions of the three cords, which support 
the weights P, Q, and R respectively. 

Along GA measure a line Gp containing as many inches 
as there are ounces in the weight P ; and along GB a line 
Gq containing as many inches as there are ounces in Q : 
complete the parallelogram Gprq ; and join Gr, Then it 
will be found that Gr is sensibly in the direction of RG 
produced, that is, vertical ; and if Gr be measured, it will 
be found to contain as many inches as there are ounces in 
the weight R, 

By these means, therefore, the Parallelogram of Forces 
can be proved, so far as such a proposition can be proved 
experimentally : the more accurately the experiments are 
made, and the more they are varied in their circumstances, 
so much the more certain will they render the truth of the 
proposition. 

11. Examples illustrating the parallelogram of forces. 
Let us now take a few illustrative examples. 

Ex. 1. Two forces, of 3 lbs. and 5 lbs. respectively, act on a 
particle in directions at right angles to each other. 

Let AB represent the force 
of 3 lbs., and ^(7, at right angles 
%o AB, the force of 4 lbs.; then, 
by the parallelogram of forces, 
ADf the diagonal of the paral- 
lelogram A CDBj represents the 
resultant of those forces in mag- 
nitude and direction. 
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But, from the right-angled triangle ACD, 

AD^=AV*+CD^ 
^AC^ + AB*; 
therefore, if It represents the number of pounds in the resultant, 

= 16 + 9=25; 
/. 22=6. 

The angle which R makes with P is that whose cosine is J or 
•6, which will be found to be 5Z^ 52' 11" nearly. 

Ex. 2. Two forces act on a particle, the angle between their 
directions being 60^ ; to find the magnitude of their resultant. 

V Let P and Q represent the forces ; R the resultant ; 
then 

AB=P,AC=:BD=il AD=R, 
ABD=1S0^-BAC=120^; 
.-. J22=p3^Q3-2PQ cos 1200 
=i« + Q« + PQ, 
since cosl200=-i. 

Ex. 8. Suppose in the preceding example P = 2 lbs., Q = 3 lbs. 

.-. 22^ = 4 + 9 + 6 = 19; 
.-. 22= ^/^9 = 4-3589 lbs. 

Ex. 4. To find the direction of R in the preceding example, 

sin BAD = ^ sin ABI)= -|= sin 120*= ^^., 
^^ ^/I9 2^19 

.-. JB.42)=36<>35'12", 
as will be found by help of a logarithmic table of sines. 

12. The composition and resolution qf forces. Examples. 

When by means of the parallelogram of forces we find 
a single force which is equivalent to two others, we are 
said to compound those forces. And the parallelogram of 
forces may be described as the rule for the composition of 
forcM, 

Conversely we can by the same proposition find two 
forces, which shall be equivalent to any one given force ; 
when we do this, we are said to resolve the force into two 
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others, or into two components: so that the parallelogram 
of forces is sometimes spoken of as the rule for the compo- 
sition and resolution qf forces. 

If two component forces be given in magnitude and 
direction, it is a determinate problem to find the magnitude 
and direction of their resultant ; but if the magnitude and 
direction of one force be given, it is not a determinate 
problem to find the two components of which it is the re- 
sultant, since there are an infinite number of pairs of forces, 
from the composition of which the given force may be con- 
ceived to have resulted. If, however, it be required to 
find two components in given directions from which a given 
force shall result, the problem can be solved. Thus let 
AB represent the given force in magnitude 
and direction ; AX, AY the given direc- 
tions of the components. Draw BG, BD 
parallel to AY, AX respectively; then 
AC, AD will represent the magnitudes of 
the two components required. 

Or, again, if one of the components be given in magni- 
tude and direction, the other can be found. Thus, let AB 
be a given force as before, and let AC hQ one of its com- 
ponents; join BC, and complete the parallelogram ADBC, 
then AD will be the other component 

Ex. r. A force of 6 lbs. is the resultant of two forces, with 
the direction of which it makes respectively angles of 30^ and 45^: 
required the magnitude of each component. 

Referring to the preceding figure we shall have 

AB = Q, BAC=ZQ\ ABC=BAI)=i5'>; 

AC BinABC 




and 



AB iin ACB 
Bin ABC sin 450 



"kin CAB sin 750' 

.-. iie=6x®-?^^ = 4-39231bs.; 
Bm75* 

similarly ^i)=5C=6 ?!^4^=3a05?>Voi^. 

^ Bin 75^ 
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Ex. 2, Let the resultant be 10 lbs., and let one of the com- 
ponents be 7 lbs., and make with the resultant an angle of 60® ; to 
find the other component* 

Beferring to the same figure, we have in the triangle A BO 

^5=10, AC=7, BAC=W^, to find BC; 

from the triangle BAC, we have 

BC^^BA^-{-AC^'-2BA . ACcoaBAC 

= 102 + 7*- 2x10x7 cos 600 

= 149-70, since cos 60^=4 

= 79; 

.•.BC7= 779 = 8-8882 lbs. 

13. By tJie parallelogram of forces we can find tJie re^ 
iuUantofany number qf forces acting on a single particle. 

It will further appear that the parallelogram of forces 
enables us to find the resultant of any number of forces 
which act upon a single particle. For we have only to 
take two, and find their resultant by the rule; then we 
can compound this resultant with the third ; the next re- 
sultant with the fourth ; and so on for any number. 

To represent this geometrically; let AB, AG, AD, AB, 
represent any forces acting on 
the particle A, Complete tlie 
parallelogram ABRiC, and ARi 
will represent the resultant of 
AB and AC, Complete the pa- 
rallelogram AEiB^Df and AEi 
will represent the resultant of 
ARi and AD, that is, of AB, 
AC and AD, Lastly, complete 
the parallelogram AR^R^E, and AR^ will represent the 
resultant of AR^ and AB, that is, of AB, AC, AD and AE, 

It is evident that this process applies equally well 
whether the lines of action of the forces be all in the same 
plane or not. 

"We might, by means of the process here described, 
actually calculate the magnitude and direction of the re- 
sultant of any number of forces acting at one point; the 
method however would not bo convenient, and we shall 
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hereafter explain a process for finding the resultant^ the 
same in principle, but much more eajsy of application. 

14. The peculiar importance qf the case in which a 
force ie resolved into two directions at right angles to one 
another. Special^ meaning qf the phrase resolved part 
qf a force in any direction. 

It has been observed, that a force may be resolved 
into two others in an infinite number of ways ; there is, 
however, one mode of resolution which deserves particular 
attention. I refer to the case in which a force is resolved 
into two components in directions perpendicular to each 
other. Let AB represent the given force ; and AX, A Y 
two directions at right angles to each 
other. From B let fidl the perpendi- 
culars BC, BD on AX, -^Frespec- 
tively; then since ACBD is a paraU 
lelogram, AC, AD represent the 
componeuts of the force in the direc- 
tions AX and A Y, Denote the angle 
BAG by $; and let E be the original force, X and Fits 
two components. Then since 

AC=AB cos 0, and AD=AB sin 6, 

we have X=B cos 0, and Y=B sin 0. 

Now the peculiarity of this case consists in this, that 
the direction of one AD of the two forces AD^ AC being 
ut right angles to that of the other ^(7, is equally inclined 
to the line of action of that other on both sides ; and since 
each force tends to produce motion only in its own direc- 
tion, the direction of the motion which A£> tends to produce 
is along AD, Hence, if the body be constrained in such a 
manner as to be only free to move in directions, such as AC, 
or CA produced, at right angles to AD, the force AD will 
tend to produce a motion which is equally inclined to this 
direction on opposite sides of ^, and which therefore cannot 
affect the motion of the body on one side more than on the 
other. In other words, any motion along AC in either 
direction must be the result of forces acting in other direc- 
tions than AD and cannot be affected by fQ»T^<^ %«:.'Cvkv%>0dl 
the direction AD, 

G.B, ^ 



Jl 
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The following illustrations will perhaps make this 
clearer: 

(1) A body placed upon a horizontal table will be at 
rest, however smooth the table may be. The body is acted 
upon by a force, namely, its own weight ; but this tends to 
draw it downwards, and the table, being horizontal, will 
not admit of any motion downwards; consequently the 
body does not move at all. The pressure downwards is 
counteracted by the upward pressure of the table, and these 
two are exactly equal and opposite. The effect of the 
body's weight therefore is to produce a pressure upon the 
table, which is measured by the weight ; but it has no ten- 
dency to produce motion upon the table, that is, there is 
no component in the direction parallel to the surface of the 
table, or perpendicular to the direction in which the weight 
acts. 

(2) Let (7 be a ball having a string attached to it, and 
let AB be a smooth plane having in it a c 
rectilinear slit through which the string 
can pass. Then let a force P act at the 
extremity of the string ; if the string be 
exactly perpendicular to the plane, it is 
obvious that there will bo no motion; p 
but if otherwise, the ball will move along the plane in the 
direction of the slit. If the string be perpendicular to the 
plane, the force P will produce a pressure P upon the 
l)lane, and will have no component parallel to the plane or 
perpendicular to the string. 

Suppose however that the direction of the strings is not 
perpendicular to the plane ; then 
motion may be prevented by a 
force acting along the plane ; what 
will be the ma^itude of this force? 
Tke preceding investigation will ^ 

tsttiliki 118 to determine this. For let 6 be the acut3 angle 
%lLi<^ tfae diiiection of the string makes with the plane ; 
then P iMKy be resolved into two components, P cos ^ 
parallel to the plane, and P sin perpendicular to it ; let 
X be the force which would prevent the ball from moving ; 
then it is evident that we must have 

X= P cos e. 
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And the component P sin 6 will produce a pressure 
upon the plane, having P sin 6 for its measure. 

The component Pcos^ may be termed the resolved 
part of P parallel to the plane ; and the preceding expla- 
nation win enable us to form a very distinct notion of what 
is meant by the resolved part of a force in any given di- 
rection ; for it is measured by the force which is necessary 
to prevent the given force from producing motion in that 
direction. And we have this general rule, of which it is 
impossible to overestimate the importance, To find the 
resolved part of a force in any given direction^ multiply 
the expression for the force hy the cosine of the angle be- 
tween th£ given direction and thai (tfthe given force. 

Suppose, for instance, that in the preceding figure, 
jP=4lbs., and ^=60**; then the resolved part of P along 
the plane, that is, the force necessary to prevent motion 
along the plane=4x cos 60*^=2 lbs. And the pressure 
upon the plane 

= 4sin60 = 2N/3lbs. 

Again, suppose* a horse is drawing a weight up a hill ; 
and for distinctness let the weight be 1 ton, and let the 
inclination of the road to the horizon be 4" ; then the re- 
solved part of the weight parallel to the road will be 
1 X sin 4*^, or 156'25 lbs. ; and if we neglect the resistance to 
motion arising from the roughness of the road, this will be 
the measure of the effort which must be made by the horse 
in order jiist to drag the load. Practically this resistance 
may by no means be omitted; it is called /r«c^io», and will 
be considered hereafter; but theoretically, that is, suppos- 
ing the road to be perfectly smooth, the horse would have 
to exert such a force as would just lift 166'25lbs. And 
the resolved part of the weight perpendicular to, and there- 
fore supported by, the plane will be 

1 ton X cos 4*^, or 2234-5 lbs. 

16. We shall return to the subject of the Composition 
and Resolution of Forces, when we have demonstrated the 
Parallelogram of Forces independently of experiment 

EXAMINATION UPON CHAPTER U, 
1 , De&ae force, aod explaau how ioxce \a xa^a^NXT^^' vcL^^aicvc^* 
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2. DistmgaiBh between Statics and Dynamics. 

3. Explain the method of representing forces by straight 
lines. 

4. Enunciate the parallelogram of forces^ and shew how it 
may be proved experimentally. 

5. Two equal forces act upon a point, and the angle between 
their directions is 60*^ ; find the magnitude and direction of the 
resultant. 

6. A particle in the centre of an equilateral triangle is urged 
towards two of the angular points by forces each equal to 3 lbs. ; 
find the force which must tend to the third angular point in 
order that the particle may be at rest. 

7. A particle is acted upon by a horizontal force of 3 lbs. 
and a vertical force of 4 lbs. ; find the direction and magnitude 
of the resi^'Wit force. 

8. If two forces act at right angles to each other, they and 
their resultant are proportional to the sides of a right-angled 
triangle. 

9. Three forces measured by 3, 4, and 5 pounds respectively 
keep a particle in equilibrium ; determine the angles at which 
they act. 

10. The resultant of two forces acting at right angles to each 
other is double the smaller of the two ; find its direction. 

11. The resolved part of a force in any direction is found by 
multiplying the expression for the force by the cosine of the angle 
between the direction of the force and the given direction. 

12. A weight of 112 lbs. rests upon an inclined plane making 
an angle of 80® with the horizon : what is the resolved part of 
the weight iu the direction of the plane ? and what the resolved 
part perpendicular to it ? 

13. Is it possible for three forces in the proportion of 3, 7, 
an4 11, to be in equilibrium when acting upon a point ? 

14. Three forces act at a point, and their directions make 
angles of 120® with each other; shew that the three forces are 
equal. 

15. The resultant of two forces which act at right angles to 
each other is 1 cwt ; and the direction of the resultant divides 
the right angle in two of 18® and 72® respectively : find the com- 
ponents in lbs. 
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16. If two forces P and Q, acting upon a particle have a 
resultant R, and be the angle between the directions of P and 
Q, then 

J23 = P« + Q2 + 2PQco8^. 

17. Three forces of 2 lbs. 7 lbs. and 8 lbs. are in equilibrium ; 
find the angle between the directions of each two of the forces. 

18. The square of the line representing the resultant of two 
forces is greater or less than the sum of the squares of the lines 
representing the components, according as the angle between the 
components is acute or obtuse. 

19. The magnitude of two forces being 25 lbs. and 86 lbs., 
and the angle between their directions 72^ ; find the magnitude 
and direction of the resultant. 

20. The angle between two forces is 60®, and the resultant 
divides the angle in the ratio of 1 : 3 ; find the ratio of the comtp 
ponents. 

21. If P, Q, R be three forces which produce equilibrium 
upon a point, and if (PQ^ denote the angle between the directions 
of P and Q, then 

P : Q ; J2 :: sin (QR) : sin {RP) : sin (PQ). 

22. Three forces acting at a point are in equilibrium, their 
directions making with each other the angles 60®, 135®, and 165® 
respectively ; find the ratios of the forces. 

23. If two forces acting on a particle be in the ratio of 3 : 4, 
fiifd the angle between their directions when the resultant is a 
mean proportional between them. 

24. The resultant of two forces cannot be an arithmetical 
mean between them, if one of the forces be more than three times 
as great as the other. 

25. If three forces be in equilibrium, any two must be to- 
gether greater than the third. 



CHAPTER III. 

EXPERIMENTAL MECHANICS. THE PRINCIPLE OF 

THE LEVEE. 



1. Problem qf a body of any magnitude acted upatt 
by various forces. Simplification of the problem. 

IN the preceding chapter we have treated of the Com- 
position and Resolution of Forces which act all at one 
point, or of the conditions under which a single particle can 
remain at rest when two or more forces are acting upon it. 
We shall now take the case of a body of any magnitude, 
which is acted upon by various forces, and shall endeavour 
to discover, by experiment, the conditions which must be 
satisfied in order that a body of this kind may be in equi- 
librium. But the problem in this form would be too com- 
plicated ; and we shall therefore take a simple case, from 
wiiich afterwards it will not be difficult to pass to the more 
general. 

Our first simplification shall be this : instead of con- 
sidering the conditions of equilibrium of a body of any form, 
we will take the simplest form of body possible, that is, a 
straight rod, which, however, we shall suppose to be so 
strong as not to bend under the action of any forces applied 
to it. 

Our second simplification shall be as follows: instead 
of considering the case of any forces whatever acting upon 
this stiff or rigid rod, we will suppose it to be acted upon 
by only three^ and we will suppose the lines of action of 
these forces to lie all in one plane. 
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The system may then be represented as in the figure ; 
AB is the rod ; P, Q, R are three 
forces, whose directions lie in the * 

plane of the paper, acting at three a T B 
points A, -5, and G respectively ; the / c \ 

problem is to determine under what / s^ 

conditions the rod AB will be at P Q- 

rest 

There is yet one further simplification which we can 
make; and this consists in supposing the three forces PyQ, 
i? to be parallel in direction, and that 2^ 

direction perpendicular to AB ; and the ^ 

system will then be represented by the 
figure ; in which it will be observed, that 
we have represented one of the forces 
acting in a direction diametrically oppo- 
site to that of the other two, as must evi- 
dently be the case, since equilibrium could not subsist if the 
forces all tended in the same direction. 



B 
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2. Equilibrium of a rod suspended korizontally from 
its middle point and acted on by two parallel forces per- 
pendiciUar to it. 

The problem is now in a form convenient for experi- 
ment*; let a rod AB be suspended. by ^ 



E IS 



a string, one extremity of which is at- ]> 

tached to the middle point C of the rod, 
and the other to some fixed point of 
support Z>; now let any given weight, 
as a weight of 1 lb., for instance, be sus- 
pended by a string from the extremity ■ ■ 

A, and let some larger weiglit be at- ^Ibs 

tached to another string which by means of a ring, or other- 
wise, is capable of being suspended from any point of the 
BxmBC'y then it will be found that if this second weight be 
suspended from the extremity B, B will descend until the 
three strings and the rod are all vertical, and by making the 
point of suspension more and more near to 6^, we shall como 
at last to a point from which, if the larger weight be sus- 
pended, the rod if placed in a horizontal poaition. ^vVV x^- 
main so. 

* See Note at foot of pc^L^ A.^ 
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For instance^ if the larger weight be 2 lbs., it will be 
found that the point Ey from which it must be suspended, 
is half-way between B and C; and in general, CE will be 
the same fraction of BC or AC that the smaller weight is 
of the larger; so that if we have two weights P ajid Q 
hanging by strings from two points A and E, and if 
CA=Pf and CE-q^ we shall have 

P : Q :: q : p\ 

or, P,p=Q.q, 

If we call the pi*oduct of the weight P and the perpen- 
dicular upon its string from C the moment of P about (7, 
then we may express the above relation by saying that the 
moments of P and Q ahout C are equal. 

3. Relation between the forces when the rod is not 
horizontal. 

It will be found that if this condition 
between the two weights and the dis- 
tances of their points of suspension from 
C be satisfied, the system will remain at 
rest when G is not horizontal ; in this 
case if we drop the perpendiculars CP, 
CG from C upon the strings supporting 
P and Q respectively, we have by simila^ 
triangles 

CF ; CA ;: CG : CE; 

/. PxCF=QxCG, 

or the moments of P and Q about C are still equal. 

4. The tension of the string in this problem is, if we 
omit the weight of the rod, eqtud to the sum of the other 

forces. 

In this experimental investigation we have hitherto 
spoken only of the two weights suspended from A and E : 
the third force acting on the rod is the force exerted by the 
string CD ; and what will be the magnitude of this force ] 
It will evidently be measured by the weight which it sup- 
ports, i,e, the two weights P and Q and the weight of the 
rod; if we omit the weight of the rod, then the force 
exerted by the string CD, or its tension (as it is usually 
called), will be upwards, and will be equal to P + Q. 
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5. The positions of the weights P and Q are inde- 
pendent qf the weight qf the rod, if the rod is suspended 
from its middle point. 

In considering the problem theoretically it is conyenient 
to conceive of the rod AB as having no weight, in order 
that we may confine our minds to the two downward forces 
P and Q, and the upward tension of the string P+Q, but 
practically of course AB has weight, though it may be very 
small ; it was in order to avoid the effect of this weight 
that we directed the rod to be suspended by its middle 
point C, for if this be done it is clear that the extremity A 
will have no more tendency to descend than the extremity 
Bf and therefore the weights P and Q twist the rod pre- 
cisely as they would if it had actually no weight. 

6. General conditions of equilibrium of three parallel 
forces acting on a straight rod. 

The weights P and Q, which we have been considering, 
exert forces upon the rod AB in the directions of the 
strings by which they are suspended; now it is easy to prove 
by observation that these strings are parallel, at least that 
they are sensibly parallel; also the string by which AB is 
supported exerts a force in its own direction, which is 
parallel to that of the other two strings ; 1^ 

hence the preceding experimental inves- >|^ 

tigation teaches us the conditions, under 
which three parallel forces can be in 
equilibrium, when acting upon a straight 
rod. Let P, Q, R be the forces acting 
upon the rod ^ J9, as in the figure, at the ^ ^ 

points Ay B, and G respectively; then we must have 

P + Q = B (1), 

BXidPxAC=-QxBG. (2). 

7. The moments qf any two of the forces about the 
point of application qf the third are equal. 

The latter of these two conditions may be put under 
another form; for if we write B-Q instead of P in (2), 
we have 

,{B-Q)AC=QxBC, 

or RxAC=Q{AG-^ BC)^Y>^A^\ 

$.A the moments of R and Q a\>o\x\* A ^a^ QO^QfiiL. 
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In like manner it may be shewn, that the moments of P 
and R about B are equal. 

• 8. General relation between the moments of the three 
forces about any point qfth^ rod, for equilibrium. 

And still more generally if we pro- R 

duce AB io any point D we have 

Py^AD + Qy^BD 4 — 

■=Px{AC+CD) 

+ Qx{CD-BC) V 

= {P+Q)CD + PxAC-Q + BO 

= 22 X (72) by (1) and (2), (Art. 6), 

i.e. the moment of B about D is equal to the sum of the 
moments of P and Q about the same point. Now it is evi- 
dent from inspection, that if we conceive AD to be a rod 
capable of twisting about one extremity D, and acted upon 
by three forces P, Q, and i?, as in the figure, then P and 
Q tend to twist it one way and R tends to twist it in the 
other; hence we may say, that if there is equilibrium the 
moment of the force which tends to twist the rod in one 
direction is equal to tJie moments of those tending to twist 
it in the other. 

9. Meaning of the term moment. 

In the preceding Articles we have been dealing with a 
new kind of quantity, namely, the moment of a force about 
a given point, and the nature of this new kind of quantity 
requires perhaps some further explanation. The moment 
of a force about a given point is defined to be the product 
of the force (or the weight which measures it) and the per- 
pendicular upon the direction of the force fi*om the given 
point. But what is the meaning of the product of a force 
and the perpendicular upon it 1 how can a force and a line 
be multiplied together ? 

There is no difficulty in answering these questions, if it 
be remembered that what we really multiply together are the 
abstract numbers, which denote the force and the line re- 
spectively according to a conventional method of represent- 
ing forces and lines. Thus, 3 denoting a force may stand for 
3 Ibs.^ and 3 denoting a line may stand for 3 feet, and if we 
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multiply together 3 which stands for 3 lbs., and 3 which 
stands for 3 feet, we shall obtain the number 9, which will 
stand neither for pounds nor feet, but for something else 
which we have agreed to denote by the term moment. That 
there is need of such a term is manifest, for we have seen 
that when a weight is suspended as in Art. 2, its effect in 
supporting another weight suspended from some point on 
the opposite side of (7 does not depend merely upon its own 
magnitude, nor merely upon the distance of its point of sus- 
pension from (7, but upon the two jointly; this effect then, 
which requires to be denoted in some way, we call the 
moment of the weight about C. And we reduce moments 
to a unit of measurement precisely upon the same principle 
as forces, lines, areas, &c. are reduced to units of measure- 
ment. Suppose we take as the unit of moment the moment 
of a weight of 1 lb. acting upon an arm of 1 foot ; in other 
words, in the figure of Art. 2, let -4(7=1 foot; then the 
moments of other weights will be properly measured by the 
product of the number representing the weight and the 
number representing the length of the arm upon which the 
weight acts. 

10. Another form of the general relation between the 
moments. 

We may express the condition given in Art. 8 still more 
conveniently, by introducing the use of the signs plus and 
minus to indicate the tendency of forces to twist the rod in 
opposite directions. 

For if we call the moments of those forces which tend to 
twist the rod in one direction positive, and of those which 
tend to twist it iu the opposite direction negative, then it 
will be seen that the condition referred to may be expressed 
by saying, that the algebraical sum of the moments qf the 
three forces about any point in the direction of the rod is 
zero. 

11. Complete statement of the conditions qf equi- 
librium qf three parallel forces acting on a rod. 

And it may be remarked, that in like manner the con- 
dition (1), (Art. G), may be expressed by saying, that the 
algebraical sum of the three forces is zero. 

Hence the complete statement ot \Xi!^ ^Q<sv^c^^\2iSi ^^ 
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equilibrium of three parallel forces actlDg upon a rod will 
be as follows, 

the algebraical sum of the forces =0 (1), 

the algebraical sum of the moments 

of the forces about any point =0 (2). 

12. Case qf two forces acting on a rod but not 
perpendicular to it, one point of the rod being fixed. 
Experimental proof. 

It may be observed that the experimental method of 
proof used in this chapter might be applied to investigate 
the condition of equilibrium, when two forces act upon a 
rod of which one point is fixed but not in directions per- 
pendicular to the rod, as hitherto supposed. 

For let AB be a rod 
moveable about a hori- 
zontal pivot through its 
middle point C\ E, F 
two small wheels turn- 
ing freely about their 
centres ; and let two silk 
cords, attached to the 
rod at two points A and 
Z>, pass over E and F 
and support two weights T* ^ 

P and Q, Suppose the magnitudes of P and Q to be so ad- 
justed that AB shall be horizontal; then if we suppose the 
directions of the cords EAy FD produced, and Cp, Cq 
drawn from C perpendicular to them, it will be found that 

P:Qy,Cq'.Cp (1), 

orPxQp = Qx(7g' (2). 

Now the cords exert at A and D forces which are measured 
respectively by the weights P and Q ; hence the proportion 
(1) shews, that the forces which keep the rod in equilibrium 
are inversely proportional to the perpendiculars upon them 
from the fixed point G', or the equation (2), which is equi- 
valent to the proportion (1), shews that the mordents of the 
forces about C must be equaL 

13. This case deduced from the case cf parallel 
forces. 
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This experimental demonstration howeyer is not worthy 
of much attention, partly because the simpler case, in 
which the forces are weights acting in directions perpen- 
dicular to the rod, will answer our purpose at present, and 
partly because the truth of the more general case may be 
seen without much difficulty to follow from that of the more 
simple. 

For let -40, BO^ CO, &c. be any num- 
ber of equal spokes of a wheel : then it is 
eyident that the effect of a force in turning 
the wheel will be precisely the same to 
whichever of the spokes it is applied. For 
instance, the force P applied at A perpen- 
dicularly to OA will have the same effect as 
if it were applied at D perpendicularly to OP. 

Now take a rod AB^ without weight, and having the 
point in it fixed, and let it be kept at rest by the two 
forces P and Q acting at A and 
B perpendicularly to the rod. 
Through draw OA' equal to 
OA, and OB' equal to OBy each 
making any angle with AB-, 

then if OA', OB' be regarded P a ^ 

as rigidly joined together at O, like the spokes of a wheel, it 
is manifest from what has been just now said, that the 
forces P and Q acting at A' and B' perpendicularly to OA' 
and OB respectively will keep A' OB at rest. 

Again, let A'P intersect AO produced in A", and RQ 
intersect OB produced in B" ; then if we conceive of the 
figure A'AOBB' as one rigid board, without weight, 
capable of turning about O, and suppose the forces P and 
Q to act by means of strings, the directions of which coincide 
with A' A' find B'B" respectively, it is evident that the 
effect will be the same at whatever point of A' A" and B'B" 
we suppose a tack to be driven through the strings so as to 
attach them to the board. Now if we suppose the string 
AA'P to be attached at the point A' we have the force P 
acting at the extremity of OA ', and if we suppose it attached 
at A" we have the force P acting obliquely at the extremity 
of 0A"\ hence the effect of P acting «A, A" ^XJCvqjs^j^^^^ms^xss. 
the figure, is the same as tbat oi P vic^Jov^ %^» A ^fcxvsc^- 
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dicularly to OA'. Hence we conclude that P and Q acting 
obliquely, as in the figure, at the extremities of a rod AB^, 
having the point fixed, will produce equilibrium provided 
their moments about O are equal. 

14. We shall defer the further generalization of the 
conditions of equilibrium investigated in this Chapter, that 
is, their extension to any number of forces and to forces 
acting in any directions, to the Chapter in which we inves- 
tigate the properties of moments of forces theoretically ; 
the remainder of the present we will devote to the conside- 
ration of the problem of three forces acting upon a rod, 
exhibited under a somewhat different form. 

15. Definitions o/* lever and fulcrum. 

Dbp. a rod capable of turning about a fixed point in 
its length is called ^lecer; and the fixed point is called the 
fulcrum. 

16. Definitions q/* power and weight. 

Dbp. If the lever be horizontal and a weight W be 
fluspended from any point in its length, the lever may be 
sustained in a horizontal position by a certain force P 
acting at some other point, and tending vertically upwards 
or downwards according to circumstances. The force P 
which is required to maintain the equilibrium is called the 
power. 

17. The three classes qf lever. 

We may distinguish three classes of lever. 

First. Suppose the fulcrum to lie he- 
irnvrnt the power and the weight. This is 
csMo^ 9k lever qf the first kind. ^ >V 

P 



^ 



A 



Secondly. Suppose the weight to act 
between iheftdcrum and the power. This 
is called a lever of the second kind. 



Thirdly. Suppose the power to act be- 
tween the weight and the fulcrum. This 
is called a lever qf the third kind. 



w 
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1&. The pressure of the fulcrum on the rod. 

Kow it will be readily perceived, that although in all 
these cases we have spoken of only two forces, the power 
and the weight, as acting upon the lever, yet in reality there 
must be and are three forces. What is the third ? It is 
supplied by the pressure of the fulcrum. In the first case 
this pressure will be the sum of the power and the weight; 
in the second and third it will be their difference. Or if 
we call the pressure of the fulcrum 22, we shall have 

for the lever of the first kind R=P+ W, 

second... 72= W+P, 

third ,.,R=P-W, 

But there vidll be this distinction between the pressure 
of the fulcrum iu the second case and the third, namely, 
that in the second (as iu the first) the pressui*e is upwards, 
in the third it is a pressure downwards. 

19, Given the power we can find its point of appli- 
cation, and vice vers§„ when a given weight is suspended 
at a given point and is kept in equilibrium by the power. 

When we regard the lever thus, we see that all three 
cases are instances of the equilibrium of three parallel 
forces, and that the conditions of equilibrium will be those 
which have been already investigated. In each lever there- 
fore we must have 

moment of power about fulcrum = moment of weight. 

If then we suppose that we have a lever with a given 
fulocnm, and a given weight JV suspended at a given point, 
we can at once determine the point at which a given power 
P must act in order to be iu equilibrium with JV; or if 
the point of application (or, as it is sometimes expressed, the 
length ofP^s arm) be given, we can calculate P. 

20. Mechanical advantage. In the case of a lever qf 
the first class mechanical advantage may be either gained 
or lost : in the case of a lever of the second kind^ it is 
always gained; in the case of a lever of the third kind, 
always lost * 

These conclusions will at once appear to be true. 

(1) In the case of the lever of tlio first kind we inft.'\ 
make P as small as we please, \1 yjo vacx^^aa >Jftfc ^x^s^. ^Jsi^ 
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which it acts in the same proportion that we diminish P. 
That is, a weight of any magnitude may be supported by 
any small force, if we give to this force a sufficient length 
of arm. Thus a weight of 100 lbs. suspended at a distance 
of 1 ft from the fulcrum, may be sustained by a weight of 
1 lb. suspended at the other extremity of the lever, provided 
that that extremity be 100 ft. from the fulcrum. And this 
points out to us the great advantage which may be gained 
in practice, by applying a force through the medium of a 
lever of this kind. Suppose for instance ^ to be a fragment 
of rock, a block of wood, or any other great weight which 
it is required to raise ; let BD be a strong bar of iron or 
wood, and let one extremity B be 
inserted just under the weight A, 
and let the bar be made to rest 
against a support at C, not hr 
from the extremity B; then a 
comparatively small force applied b 

at D will enable us to move A. This is the most ordinary 
application of the lever to common purposes, and probably 
every one is familiar with examples ; in fact, we make use 
of a lever of this kind every time that we rest the poker 
upon a bar to stir the fire ; in this case, the bar forms the 
fulcrum, the coals are the weight, the pressure of the hand 
on the poker is the power. 

When by means of a lever we are enabled to make a 
certain force do an amount of work, which it could not do 
without the intervention of the lever, we are said to gain a 
mechanical advantage. It will be seen that mechanical 
advantage is not necessarily gained ; thus, if in the pre- 
ceding example the distance between the fulcrum and the 
point of contact between the lever and the mass A be 
greater than that between the fulcrum and the point of 
application of the force Z>, mechanical advantage will be 
lost; in other words, it would be easier to move the mass A 
by the direct application of the force than through the 
intervention of such a lever. 

. (2) In the case of the lever of the second kind mecha- 
nical advantage is always gained. For the weight being 
between the power and the fulcrum, the arm of the power 
is necessarily greater than that of the weight, and therefore 
the power less than the weight 
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We have an example of such a lever in the common 
nutcrackers ; the pressure of the hand on the extremities 
of the long handles of the nutcrackers supplies the power, 
and the resistance of the nut the force which corresponds 
to the weight of the fulcrum. Another example is that of 
the oar of a boat; the water forms a fulcrum (though an 
imperfect one) for the extremity of the oar, the hand at 
the other extremity supplies the power, and the result is a 
force, greater than the power, at the rowlock, which is 
effectiye in moving the boat. 

(3) In the case of the lever of the third kind mechanical 
advantage is never gained. For the arm at which the power 
acts is shorter than that at which the weight acts, and 
therefore the power must be greater than the weight. 
Hence it might be imagined that this species of lever 
could never be advantageously applied in practice, and of 
course if the gaining of power be the end to be attained 
it never can ; there is however a most interesting case of 
the application of this kind of lever, in which the loss of 
mechanical advantage is far more than compensated by the 
gain of advantages of another kind. The case alluded to 
is that of the limbs of animalsj or more particularly that of 
the human arm. 

The figure represents the skeleton of the human arm ; 
suppose the elbow 
^ to be kept at rest, 
and the hand to ex- 
ert a force either in 
lifting a weight, or 
in pidling, or push- 
ing; then the tend- 
ency of the hand is to revolve about Ay and A will be the 
fulcrum, while the force exerted by the hand will corre- 
spond to the weight. Where and how will the power be 
applied ? The power is applied near the elbow by means 
of certain tendons or sinews, which are acted upon by the 
contraction of muscles situated in the higher part of the 
arm. Thus the point of application of the power is be- 
tween the fulcrum and the weight, and the power acts at a 
mechanical disadvantage ; but it will be eaAil^ «a^\i ^^^sc&i. 
the nature of the case, that no otbeT \^xi^ oi \css^^ ^!^\^^ 

G.8, ^ 
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haye been oonyeniently adopted, because the hand must of 
necessity be placed at the extremity of the limb ; moreover, 
neatness ef eonstmction and agility of motion are incom- 
parably more important in animal mechanism than the 
moltii^eation of strength, especially in the case of man, 
whose natural strength must at b^ be small, and whose 
intdlectual resources supply him with the means of in- 
creasing his power to an almost unlimited extent; the 
sdence of comparative anatomy^ however, brings before us 
some curious instances of the power of the inferior animals 
being increased by advantageous mechauical arrangements. 

21. Recapitulation. 

We will now briefly recapitulate the results at which 
we have arrived in the case of the three levers respectively. 

Lever cf the first kind. Mechanical advantage may be 
either lost or gained. 

Leter cf the second kind. Mechanical advantage is 
always gained. 

Lever of the third kind. Mechanical advantage is 
never gained. 

And in all cases the principle of equilibrium is this, 
that the moment of the power about the fulcrum must be 
equal to the moment of the weight. 

There are many other questions connected with the 
lever, or more generally with the theory of the moments 
of forces, which might be introduced in this place; we 
prefer, however, to reserve these until after we have treated 
of the Centre of Gravity, and have shewn how the principles 
already established by experiment may be placed upon a 
demonstrative basis. 



EXAMINATION UPON CHAPTER III. 

1. Bbfinb the movMnt of a force about a given point. A 
weight of 6 lbs. is suspended from one extremity of a horizontal 
rod ; find the weight, which suspended from the middle poiut 
would produce the same moment about the other extremity. 
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"2, Define a lever; and distinguish the different kinds of 
lever, giving examples of each. 

8. Enunciate the condition of eqtdlibrium of a straight hori- 
zontal lever, when a weight is suspended from each extremity ; 
and explain how the condition may be investigated experimentally. 

4. Enunciate in its most general form the principle of mo- 
ments, as applied to the straight lever under the action of forces 
perpendicular to its length. 

5. Shew how the case of forces acting obliquely upon a lever 
may be deduced from that of forces acting at right angles to the 
lever. 

6. In what sense can a moment be properly spoken of as the 
product of a force and a linef 

7. Two weights of 3 lbs. and 7 lbs. respectively, hang from 
the extremities of a lever 1 yard long ; find the fulcrum. 

8. A straight rod, 6 feet long, capable of moving in a ver- 
tical plane about one extremity has a weight of 10 lbs. suspended 
from its free extremity ; find at what point an upward force of 
'65 lbs. must be appUed so as to hold the rod in a horizontal 
position. 

9. In the preceding example what will be the pressure upon 
the fixed extremity t 

10. What is meant by mechanical advantage being lost or 
gained by the intervention of a lever ? Explain under what cir- 
cumstances either the one result or the other takes place in the 
case of each kind of lever. 

11. The longer arm of a lever of the first kind is 3 feet, and 
the shorter 7 inches; what force will be necessary to raise a 
weight of a ton ? 

12. How much would the force in the preceding example be 
increased by removing the fulcrum through 1 inch towards the 
weight ¥ 

13. Two weights, TTand W\ are suspended by strings from 
the extremities of a lever of length a ; find the fulcrum. 

14. If in the preceding example a weight w be added to W, 
what weight must be added to W to maintain equilibrium ? 

15. A straight rod, moveable in a vertical plaiv\ ^.b^xil «.\:£a\^ 
at one extrenjity, is supported in a Yionaoii\.«X Yi«w^^ali. \i^ ^n^- 
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tical thread which is attached to it at a distance of 10 indies from 
the hinge ; and the length of the rod is 27 mches. Supposing that 
the thread wiU support a weight of 4 oz. without breaking, find 
what weight may be suspended from the free extremity of the 
rod. 

16. Two known weights, of P and Q lbs. respectively, ba- 
lance upon a straight lever of the first kind ; if p lbs. be added to 
P, the fulcrum must be shifted through a space a towards the 
extremity from which P hangs, in order to preserve equilibrium ; 
and if q lbs. be added to Q, the fulcrum must be shifted through 
a space b towards the opposite extremity; find the length of the 
lever. 



CHAPTER IV. 

ON THE CENTRE OF GRAVITY. 



1. Centre qf gravity, 

IN every material body, or system of particles rigidly 
oomiected, there is a point which has this remarkable 
property, that if it be supported or fixed the body will 
remain at rest, whatever be the position of the body sub- 
ject to the condition of that point being fixed. This point 
is called the centre of gravity of the body. 

We shall be engaged in this chapter in proving the 
existence of the centre of gravity, in discussing some of 
its properties, and in determining its position in certain 
cases. 

2. Centre cf gravity qf two eqtud particles rigidly 
connected. 

Let us take the simplest case, namely, that of two equal 
particles rigidly connected by a rod supposed to have 
no weight. Then it is evident that the middle point of the 
rod will be the centre of gravity; for the perpendiculars 
from this point upon two vertical lines drawn through the 
two particles will be equal, whatever be the position of the 
rod ; therefore the moments of the weights of the particles 
will be equal,' or the particles will be at rest 

3. The centre qf gravity of a body is not necessarily 
a point foithin the body nor rigidly connected with it. 

Even if there be no rod joining the two particles, the 
middle point of the straight line joining them would be 
called their centre of gravity; for if this point were con- 
nected with the two particles, and the point were sup- 
ported, the two particles wozUd remaiii «.\» t«RX» \sl %3S!\ 
position. 



38 Experimental Mechanics. 

And generally, we may observe, that the centre of 
ffravity of a body need not be a point within the body ; but 
it may be, and frequently is, a point such that if we con- 
ceive the body to be rigidly connected with it the definition 
of the centre of gravity would be satisfied. For example, 
the centre of gravity of a hollow sphere is the centre of the 
sphere; for although that point has no physical connexion 
with the material sphere, yet if the centre be conceived 
as rigidly connected with the sphere (by a rod without 
weight, for instance, coinciding with a diameter) it is 
evident that when the centre is supported the sphere will 
remain at rest in whatever position we place it ; for the 
sphere being symmetrical^ that is, of precisely similar size 
and shape, aroimd the centre, when it is placed in one 
position there is no reason why it should change that 
position for another. Hence the centre of the sphere is ' 
called its centre of gravity, although there is no physical 
connexion between that point and the sphere itself. And 
so in other instances. 

4. Sense in which a system of particles not rigidly 
connected has a centre of gravity. 

We may also observe, that a system of particles not 
rigidly connected is frequently spoken of as having a centre 
of gravity, as in the case of the two particles abready dis- 
cussed in Art 3. By the centre of gravity in these C9ae» 
we mean a point, which, if it were rigidly connected with 
each of the particles, wotdd satisfy the definition given in 
Art. 1. In this sense we may speak of the centre of gravity 
of a pile of cannon-balls, of a quantity of water, of a piece 
of string. 

5. To find the centre qf gravity cf two unequal 
particles. 

Let P a&d Q be the two pirlwi«%«Mkleitiieiriroig^iia 
be p lbs. and q lbs. respectivdy; draw a p 
straight line from P to Q, and divide it 
in G in such manner that 

PG : QG :: q : p; 

then, if fh>m G we dr«w Gm^ Gn per-^ 
pendicular to the vertipal 
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fie^pediT«ly, we shall haya bj mmSiax triangles 
PG : QG .iOm i Gn, 
and .*. Gm : On z q ' p» 

Hence the mcm^nt$ of the two weights p and q about G 
will be equal, and therefore the two particles P and Q 
trill btAsmse about G^; i.e. G^ will be the centre of gravity 
afPaodQ. 

We are now in a position to prove the following general 
theorem. 

6. Prop. Every system of particles and every 
material body has a centre of gravity. 

Let FFi, FFi, H^8» ^4»-*>o a system of particles, the 
weights of which are W-^^ W^^ W^ 
W^y ... respectively : suppose W-^ 
and ^, joined by a rigid rod with- 
out weight, and divide this rod in 
G^y so that 

then, from what has gone before, G-^ will be the centre of 
gravity of W^ and FT, ; that is, if G-^ be supported, W^ and 
^, will balance in all positions about it, and the pressure 
upon the point of support will be Wi-^W^, 

Again, suppose G^ and W^ joined by a rigid rod without 
weight, and divide it in G^, so that 

G^G^ : Wjfif^ :: W^ : W^-^W^\ 
then, if we suppose the rod WiW^ to rest upon the rod 
6?i^8f *^d ^8 ^ ^e supported, the pressure FFi+ W^ at 
Gx and FF3 at W^ will balance about G^. Hence the 
three bodies W^, FFj, FPi, supposed rigidly connected, 
will balance in all positions about G^, 

Similarly, we may find a point G^ in the line joining 
G^ and W^^ about which FTj, FF,, W^y W^ will balance in 
all positions; and so of any number of particles. Hence 
every system of particles has a centre of gravity. 

And this proposition includes the case of all material 
bodies, since a body may always be conceived to be made 
up of an indefinite number of component ]^artidQ)%. 

Hence, everj system, &c. q.i^.i>. 
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7. To find the pressure qf a body upon its support. 

If the centre of gravity of a system be supported, it 
follows from Art. 11, Chapter ni. that the pressure upon the 
support will be precisely the same as if the whole system 
were compressed into a single particle having for its weight 
the sum of the weights of the particles of the system. This 
is sometimes expressed by saying, that the statical effect of 
a system of particles is the same as if the system were 
collected at its centre qf gravity, 

8. Peop. Every material system hMS only one centre 
qf gravity. 

For, suppose there are two, and let the system be so 
turned that the two centres of gravity lie in the same 
horizontal plane. Then the weights of the different par- 
ticles of the system form a system of vertical forces, which 
must have a vertical resultant passing through each of 
the centres of gravity; otherwise the system could not 
balance about each of those points ; hence the vertical 
resultant must pass through two points in the same hori- 
zontal plane, which is absurd. Hence every material sys- 
tem, &C. Q.B.D. 

9. We shall now proceed to find the position of the 
centre of gravity in a few actual cases. The general de- 
termination of the position of the centre of gravity of a 
body of any given form and magnitude we shall not be able 
to solve, but there are a few instances in which the problem 
presents no difficulty. 

10. To find the centre of gravity qf a physical right 
line, or of a uniform thin rod. 

The middle point will be the centre of gravity ; for we 
may suppose the line or rod to be divided into pairs of 
equal weights equidistant from the middle point, and the 
middle point will be the centre of gravity of each pair, and 
therefore of the whole system, that is, of the line or rod 
itself, 

1 1. To find the centre qf gravity qf a plane triangle. 
Let ABG be the i^riangle ; bisect BC in />, and join 
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AD; draw any straight line 
bdc parallel to BC, and meet- 
ing AD in d\ then by similar 
triangles, we have 

bd : BD :: Ad : AD 

:: cd : CD, 

or hd : cd ::BD : CD; 

but BC is bisected in />, therefore be is bisected in d. 
Hence the line be will balance about the point d in bU. 
positions; similarly, all lines in the triangle parallel to BC 
will balance about points in ADj and therefore the centre 
of gravity of the whole triangle must lie in AD, 

In like manner, if we bisect ^C7 in ^, and join BE, the 
centre of gravity must be in BE; hence G, the intersection 
of AD and BE, is the centre of gravity of the triangle 
ABC 

Join DEf which will be parallel to AB. (Euclid, vl 2.) 
Then the triangles ABG, DEG are similar; 

.-. AG : GD :: AB : DE 

BC : DC 
2:1, 
oyAG=2GD, 
and /. AD=SGD. 

Hence, if we join an angle of a triangle with the bisection 
of the opposite side, the point which is two-thirds of the 
distance down this line from the angular point is the centre 
of gravity of the triangle. 

12. To find the centre qf gravity of three equal bodies 
placed so as to form a triangle. 

Let A, B, Che the three bodies; join AB, BC, CA. 
Bisect AB in 2>, then D will be 
the centre of gravity of A and B, 
and we may suppose A and B to 
be collected at i>. (Art. 7.) Join 
CD, and take DE equal to one- 
thmi of CD ; then CE= 2DE, 
and therefore if we consider CD 
9A a lever with fulcrum E, the two \iod\e» A «sA "B «Qai^ 
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pended from D will balance the body C suspended from C, 
and therefore E is the centre of gravity of the three bodies. 

Cob. From this it appears that the centre of gravity 
of a plane triangle is the same as that of three equal 
bodies placed at its angular points. 

13. Positions of any number cf partidet referred to 
rectangular co-ordinates. 

We shall now shew how to find the c^itro 41C gravity of 
any number of particles in the sune plane; bfit before 
doing so, we most shortly eifdain how the position of wbj 
number of partides majr be most conveniently reprMfloMI 
mathemati^aJly. 

Let P be any point, the position of whidi ii» mb to 
deierfl)e : take any point A^ aod 
Ummgh it draw two straight lillei^ 
Ax^ Ay^ at right angles to eadi 
other ; from P draw PiV* perpendi- 
cular to one of tiiese lines, as Ax : 
then it will be easify seen, liiat if the 
length of AN be given, and also the 
length of PiV, the position of P will be entirely described. 
In like manner the position of any other point Q niay be 
determined. We may remark that this mode of assigning 
the positions of points is very general in modem mathe- 
matics, and that it is usual to call AN^ PN the co- 
ordinates of the point P, and to call Ax and Ay the 
aaes of co-ordinates. 

This being premised, let it be required 

14. To find tlie centre of gravity of any number q/ 
particlss which lie in the same plane. 

Let Wi FF, ^8...be the weights of the particles; in 
the plane in which they lie take y 
any two straight lines Ax, Ay at 
right angles to each other, as 
axes of co-ordinates. Draw WiOi, 

W^Of,* . .perpendicular to.^^ ; and 

let Aai=Xif JViai=yiy Aa^^x^, 

^i«i=y«> &Cm a^8o let Xy y be A », h, a^ h^ 
the co-ordinates of the centre of gravity of the system ; 
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then it is evident that if we find x and y, we shall baye 
solved the problem. 

Join FFi fFj, and let Gi be the centre of gravity of 
FFi, W^\ from Gi draw 6?A perpendicular to ^^, and GiC 
perpendicular to W^a^y also from W^ draw W^d perpen- 
dicular to 6ri&i ; then, by the fundamental property of the 
centre of gravity, we have 

FTi X W^Gx^ TTt X W^Gi; 

but since the triangles WiGiC, GiW^d are similar, we have 

W^G^ : W^G^ :: GiC I W^d, 

:: Oi&i : Os&i, 






or 

If we ocmsider anotlier pariacie IF^, «e nqr* sb 
ii« for the oenftn sf gisfilj of tibe tfarae ITi, FT,, FT,, 
imppoMB liie t«o inaMr to lie collected at their centre of 
^mkStry Gi ; kmce if G^, be the centre of gravity of the 
^hree particles, and wo draw Gjb^ perpendicular to Ax, we 
have 

and if we put ftxt Ahi its vidue already found, we have 

and so on for any number of particles. Hence, we shall 
have 

^^ ^^1+ ^,+ FTg... 
And in exactly the same manner we should find that 

It will be seen that these formula Q!Li^T«eii^ >}kv% Xsroidok^ 
em^ngr of gravity qf a «vttem qf pcwrtidw ^ iw^^ 
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that the moment about any point A of the sum of thei 
weights collected at the centre of gravity is eqiuil to th 
sum of the moments of the weights, 

15. Physical meaning cf centre of gravity of a plane 
lamina. 

The preceding investigations refer to systems of parti- 
cles lying all in one plane, or to plane bodies. It may be 
as well to remark concerning such bodies, that physically 
they can have no existence, that is to say, it is impossible 
that we can have a body which has length and breadth but 
no thickness. When we spoke of the centre of gravity 
of a plane triangle, it would have been more correct to 
speak of the centre of gravity of a portion of matter 
bounded by two plane triangles the surfaces of which are 
parallei, and very near to each other, or of the centre 
of gravity of a very thin lamina on a triangular base. 
No confusion however can arise from speaking of the 
centre of gravity of a plane figure, if the student bears 
in mind that his results are applicable to indefinitely thin 
plates or laminee, or that if the thickness be considered he 
must regard the centre of gravity as lying inside the body 
and at equal distances from the two bounding surfaces. 

There are few cases in which we can find the centre of 
gravity of solids vnthout more powerful mathematical 
appliances: one or two cases however are within our 
reach. 

16. To find the centre of gravity qf a pyramid on a 
triangtdar hose. 

Let ABGD be the pyramid. Bisect BC in E\ join 
AE\ take EF equal to \AEy 
and join DF. 

Suppose the pyramid to 
be made up of thin triangu- 
lar slices parallel Xx^ABC^ and 
let dbc be one of them; let 
afe be the line in which it 
is intersected by the plane 
DAE^ e and / lying in &c 
and DF respectively. 
, Then by similar triangles, 




On the Centre of Gravity. 45 

be : eD :: BR : ED, 
also ce : eD w CE : ED; 
.\ be : ce :: DE : CEy 
but BE=CE; /. be=ce. 
In like manner it may be shewn that 

fe : of :: FE : AF, 
but AF^2FE\ ,\ a/=%fe. 
Hence / is the centre of gravity of the triangular slice 
abe. Similarly it will appear that the centres of gravity 
of all slices of the pyramid made by planes parallel to ABG 
lie in DF, and therefore the centre of gravity is in that 
line. 

Similarly, if we join DE, take GE=iDE, and join AG, 
the centre of gravity will be in AG; therefore H, the 
intersection oiDF and AG, is the centre of gravity of the 
pyramid. 

Now join GF', then, by similar triangles, 

HF : HD :: GF : AD, 

FE : AE, 

1 : 3; 

/. HF=\HD^iDF. 

Hence, if we join the vertex of the pyramid with the 
centre of gravity of the- base, and set oflF one-fourth of this 
line from the latter point, we shall determine the centre 
of gravity of the pyramid. 

17. Eoftennon of the proposition to pyramid on any 
base. 

It is not difficult to see that the same construction will 
hold for a pyramid upon any base. That is to say, if we 
join the vertex with the centre of gravity of the base, and 
set off one-fourth of this line from the latter point, we shall 
determine the centre of gravity of the pyramid. The 
student may prove for himself that this is so. 

18. Extension to a cone. 

And still further the same construction will hold for a 
cone, either right or oblique ; for the base may be regarded 
as a polygon having an infinite number of sides, and the 
cone as a particular case of the pycam^ 
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19. Centre qf gravity cffour equal bodiee, no three of 
which are in one straight line. 

It was shewn in Art. 12, how we may find the centre of 
gravity of three equal bodies placed so as to form a 
triaugle; and in like manner we may find the centre of 
gravity of four equal bodies placed at the angular points 
of a tetrahedron, or pyramid. And as it was shewn that 
the centre of gravity of the three bodies in the former 
case coincides with the centre of gravity of the triangle, 
so it will be found that in the latter case the centre of 
gravity of the four bodies coincides with the centre of 
gravity of the pyramid. 

• 

20. To find the centre qf gravity qf two or more 
bodies. 

If we have two bodies, the centre of gravity of each of 
which is known, we can find the centre of gravity of the 
two, by considering each to be condensed into its centre of 
gravity, and then constructing for the centre of gravity of 
the two as we did for that of Wi and IV^ in Art. 14. And 
the same remark applies to any number of bodies. 

21. When the centre of gravity of a heavy body is 
given^and also that qf any portion of it, to find the centre 
of gravity qf the remainder. 

For let O be the centre of gravity of the body, W its 
weight : Ox the centre of gravity of the 
given portion, Wx its weight. Join 
GxG, and in that line produced, take 
(t,, such that 

G^G : G^G :: W^ : TV- Wi. 
Then G^ will be the centre of gravity required. 

22. The following general proposition concerning the 
centre of gravity, contains the property which is most im- 
portant in a practical point of view. 

Prop. When a body is placed upon a horizontal plane, 
it will stand orfaU according as the vertical line through 
t/ie centre of gravity falls within or without the base. 
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Suppose the yertical line GO through the centre of 
gravity Q to fell within the ^-__ 

base, as in fig. I : then we /^"57 ^ f J^-J 

may suppose the whole \ W f ) ^" 
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may suppose the whole . 

weight of the body to be -^ ^ 

a yertical pressure W act- j^, ^ Fig. ii. 

ing in the line GO; this 

will be met by an equal and opposite pressure JV from the 

plane on which the body is placed, and so equilibrium will 

be produced and the body will stand. 

But suppose, as in fig. II, that the line GC falls without 
the base ; then there is no pressure equal and opposite to 
JV at C, and therefore W will produce a moment about B, 
(the nearest point in the base to C,) which will make the 
body twist about that point and fall 

23. Hence, we see that it is not necessary that the 
walls of a lofty building should be accurately vertical ; this 
is, in fact, a condition which is very often not satisfied. 
There are some very remarkable deviations from verticality ; 
the leaning tower of Pisa for example. 

24. Practical iUustrationsqf the foregoing propositions. 

We have used the term hose in the preceding proposi- 
tion, to express the portion of the body which is in contact 
with the horizontal plane ; if the body stand upon three or 
more points, then, by joining these points, we shall form a 
triangle or polygon as the case may be, and this will be the 
space within which the vertical from the centre of gravity 
must fall. 

And this remark is applicable to the case of the human 
body. Let AB, CD be the soles of a man's ^ _ 
shoes; join AC, BD; then the vertical line 
through the man's centre of gravity must fall 
somewhere within the space ABDC This 
space may be enlarged by separating the feet, 
and the man*s steadiness is correspondingly 
increased. If a person raise one foot from '" "^ 
the ground, then his ha>se is reduced to the sole of the 
other foot, and cannot be increased ; his steadiness thetefot^ 
is much diminished^ and if he ahowVd \o^ Vv& X^A^si^^^i^ 
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must either put the other foot down, or change his position 
by a hop, so as to bring the sole of his foot again below 
his centre of gravity. 

Men, and indeed all animals, acquire the habit of 
instinctively shifting their position so as to satisfy the con- 
dition of equilibrium ; thus^ if a man walking upon a narrow 
plank feels himself in danger of falling upon one side, he 
throws out the opposite arm ; a woman nursing a child leans 
backward; a man carrying a burden upon his back leans 
forward; in walking up a hill we lean forward; in walking 
down a hill we lean backward; and so on. In like manner^ 
a person rising from a chair must either press the body 
forward to bring the centre of gravity over the feet, or 
else must put the feet backward under the chair to produce 
the same effect. 

One of the best illustrations of the management of the 
centre of gravity is that afforded by the tight-rope dancer. 
The tight-rope dancer carries in his hand a heavy pole, and 
the centre of gravity, the position of which determines 
whether he will fall or not, is that of the pole and himself, 
regarded as two bodies. Hence the dancer to a oert^n ex- 
tent carries his centre of gravity in his own hands, and can 
shift its position, so as to keep it within the narrow limits 
required, with much greater ease than he could if un- 
assisted by the pole. 

25. Stable and unstable equilibrium distinguishedi 

It would seem from what has been proved, that a body 
would rest on a horizontal plane, when supported by a 
single point* provided that it be so placed that the centre 
of gravity is in the vertical line passing through that point, 
which in this case forms the base. And in fact a body so 
situated would be, mathematically speaking, in a position of 
equilibrium, though practically the equilibrium would not 
subsist; this kind of equilibrium and that which is prac- 
tically possible are distinguished by the names of unstable 
and stable. Thus an eg^ will rest upon its side in a posi- 
tion of stable equilibrium, but the position of equilibrium 
corresponding to the vertical position of its axis is unstable. 
So likewise there is a mathematical position of equilibrium 
for a needle resting on its point, or a pyramid or cone upon 
its apex, though such positions are obviously unstable. 
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The distinction between stable and unstable equilibrium 
may be enunciated generally thus : Suppose a body or a 
system of particles to be in equilibrium under the action of 
any forces ; let the system be arbitrarily displaced very 
slightly from the |)osition of equilibrium ; then if the forces 
be such that they tend to bring the system back to its posi- 
tion of equilibrium, the position is stable, but if they tend 
to move the system still further from the position of equi> 
librium it is unstable, 

26. The following property of the centre of gravity is 
nearly analogous to that of Art. 22. 

Paop. When a heavy body is suspended from a point 
about which it can turn freely ^ it will rest with its centre 
qf gravity in the vertical line passing through tlie point 
of suspension. 

For let be the point of suspension, G 
the centre of gravity, and suppose that G is 
not in the vertical line through O ; draw OP 
perpendicular to the vertical through G, that 
is, to the direction in which the weight of the 
body TV acts. Then the force W will produce 
a moment W, OP about as a fulcrum, and 
there being nothing to counteract the effect of 
this moment, equilibrium cannot subsist. 

Hence G must be in the vertical line through 6>, in 
which case the weight W produces only a pressure on the 
point 0, which is supposed immovable. 

27. To find practically the position cf the centre of 
gravity of a heavy body bounded by two parallel planes. 

From the property proved in the preceding Article it is 
easy to deduce a method of deter- 
mining practically the position of the 
centre of gravity of any heavy body 
bounded by two parallel planes. * 

For this purpose let the body be 
suspended from a peg at any point 
O, in such a manner that it can 
easily turn about \ then by Art. 2b* 
the centre of gravity will be some- 
where in the vertical line througVv O. 

Q.B, 
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If therefore from we suspend a plumbline, that is, a fine 
thread carrying at its extremity the weight W, and draw 
a fine line upon the bounding surface to mark the line of 
contact between the surface and the plumbline, the centre of 
gravity will be somewhere in this line. Again, let the body be 
suspended from a.peg inserted at any other point C, and 
let a second line be traced by means of the plumbline, 
as before described. Then the point of intersection (G) 
of the two lines which havo been traced will be the centre 
of gravity of the body. 

28. Gravity, Law of Gravitation. horizontal 
Plane. Vertical, 

Before leaving the subject of the Centre of Gravity, it 
may bo well to make a few remarks upon the subject of 
Gravity itself. One of the most general and most wonder- 
ful, though most simple, of the laws, to which modem 
science has conducted us, is this, that every particle of 
matter attracts every other particle of matter towards 
itself according to a regular law. This law, which is called 
that of gravity or gravitation, must bo assumed to bo 
true; the student at present taking the assertion upon 
trust, that the evidence in favour of the truth of the law 
is quite irresistible to all minds capable of following the 
steps of the proof. 

In consequence of this law of gravitation every particle 
of the Earth's mass attracts every particle of a body at its 
surface ; and if we suppose (which is very nearly but not 
quite true) that the Earth is a sphere, then the resultant of 
the attractions of the particles of which it is composed 
upon a particle at the outside of it will be a force tending 
towards the centre of the sphere. Let, for 
instance, be the centre of the Earth, P a 
particle anywhere outside the Earth ; then 
every particle of the Earth's mass tends to 
drawP towards itself; and since these par- 
ticles are all symmetrically aiTanged round 
the line OP, it is evident that the resultant 
of all their attractions must be a force in the 
direction PO, And this resultant force is .that which 
constitutes the weight of the particle P. 
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Now if P were a stone which was let fall, it would of 
course fall in the direction of PO, or the direction of gravity, 
and this direction we will call the vertical di]*ection ; and 
the plane perpendicular to PO, at the point j^where the 
stone strikes the Earth's surface, we will call thokorizontal 
plane at that point. It is clear that the vertical directions 
at two different points of the Earth's surface cannot be the 
same, that is, they cannot be parallel, because they meet in 
O ; but is at a great distance from the Itarface, nearly 4000 
miles, and, therefore, if we take two poiiJMi^miL.ihe Earth's 
surface at no great distance from each other, ^Sbe vertical 
directions at those two points will be neaiiy paralleL 
For example, take two places a quarter of a mile -apart ; 
the circular measure of the angle between the vertical 
directions at those points will 

1 1 1 

= T X 



4 4u00 16000 

This is a very small angle, amounting to only a few 
seconds ; hence even at the distance of a quarter of a mile 
from each other the directions of gravity at two places 
may be taken to be paralleL In ail problems, therefore, 
concerning heavy bodies, we treat of gravity as a force 
which acts in parallel lines. 

The Earth instead of being spherical, as we have sup- 
posed, is what is called a spheroid ; that is, it is slightly 
flattened at the poles, and if we were to take a section of 
it by a plane passing through its centre and its poles, it 
would be an ellipse of which the axes would be nearly 
equal*. The earth being of this form, we cannot conclude 
that the force of gravity must at each point tend towards 
its centre t; we can, however, describe very simply the 
exact direction of gravity at any place upon the earth's 
surface ; it is found that the direction of gravity is the 
straight line perpendicular to the surf ace cf still water 
at the given place ; this is a result which may be verified 
by experiment with an extreme degree of precision, and 
which also agrees with the results of mathematical invest!- 

• 

* The polar diameter is 7899 miles, tlie equatorial 7925. 

t There is another slight cause of deviation not considered here, namely , 
the rotation of the earth about its axis. The dSacv)L*«.\oTv ol XJc^a Xsi^wv^^ 
to Dynamics, but tlie eflFe«t is exticmsly smaU, and \na^ ^» ti%^«:XrA. 
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gation. Instead, therefore, of the definitions of vertical 
and horizontal, which were given just now, we ought, more 
properly, to speak of the vertical at any place as the straight 
line perpendicular to the surface of still water ; and the 
plane perpendicular to it, that is, the surface of the water 
itself, as the horizontal plane. For all common purposes, 
however, we may regard bodies as tending to fall towards 
the Earth's centre ; and even if we take the more accurate 
definition of the direction of gravity, our former conclusion 
will be true, namely, that gravity may be considered as a 
force which acts in parallel lines. 



EXAMINATION UPON CHAPTER IV. 

1. Befikb the centre of gravity of a body, or of a system 
of material particles. 

2. Find the centre of gravity of two unequal particles. 

8. Prove that every system of particles has one centre of 
gravity, and only odc. 

4. Explain and illustrate the statement that the statical 
effect of a system of particles is the same as if the system toere 
collected at its centre of gravity. 

5. Find the centre of gravity of a physical right line. 

6. A straight wire 3 feet long is composed of two pieces of 
2 feet and 1 foot respectively. The former is composed of matter 
which weighs 1 oz. per foot, and the second of matter which 
weighs 24 oz. per yard ; find the centre of gravity of the whole 
wire. 

7. Find the centre of gravity of a triangle. 

8. Find the centre of gravity of three equal bodies placed so 
as to form a triangle. 

9. Find the centre of gravity of any number of particles 
which lie in the same plane. 

10. The centre of gravity of a body being given, and also 
that of a given portion of it, shew how to find that of the 
remainder. 

11. An equilateral triangle is divided into two parts by a 
straight line which bisects two of the sides ; find the centre of 
gravity of the quadrilateral portion. 
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12. When a body is placed upon a horizontal plane, it will 
stand or fall according as the vertical line through the centre of 
gravity falls within or without the base. 

13. Distinguish between iAahU and wnMblt equilibrium. 

* 14. When a heavy body is suspended from a point about 
which it can turn freely, it will rest with its centre of gravity in 
the vertical line passing through the point of suspension. 

15. Find the centre of gravity of a pyramid on a triangular 
base. 

16. Shew how to find the centre of gravity of a quadrilateral 
figure. 

17. A body cannot be in stable equilibrium upon a horizontal 
plane if it rests on less than three supports, the supports being 
supposed to terminate in points. 

18. Two unequal physical lines cross each other, and are 
attached at the point of their intersection : find their centre of 
gravity. 

1 9. Find the locus of the centres of gravity of all right-angled 
triangles which can be described upon a given base. 

20. If the sides of a triangle ABG be bisected in the points 
D, E^ F\ then the centre of the circle inscribed in the triangle 
DBF will be the centre of gravity of the perimeter of A BO, 

21 . A given number of weights (w), which are in geometrical 
progression, are placed at equal distances along a straight line : 
find their centre of gravity. 

22. How may the centre of gravity of a plane figure be found 
experimentally ? 

23. Of all triangles upon the same base and having the same 
vertical angle, the isosceles is that of which the centre of gravity 
is farthest from the base. 

24. Two rods of the sa?ie thickness, one of which is twice 
as long as the other, are attached by two of their extremities so 
as to be at right angles to each other. Find at what angle either 
of them- will be inclined to the vertical, when they are suspended 
by a string or tack at the right angle. 



CHAPTER Y. 

DEMONSTRATIVE MECHANICS. PARALLELOGRAM 
OF FORCES. EQUILIBRIUM OF A PARTICLE. 



1. TN a preceding chapter we explained fully the 
JL meaning of the proposition called the ^'Parallelo- 
gram of Forces," and we deduced its truth by means of 
experiment : we are now about to shew how the truth of the 
same proposition may be demonstrated, without recourse 
to experiment, by means of an axiom concerning force. We 
liave pursued this course, not because it is necessary, but 
because it appears fitted to help the student over those 
difficulties which belong to the first study of the Science 
of Mechanics. The student has (we presume) made him- 
self acquainted with Algebra, Geometry, and Trigono- 
metry, before he enters upon Mechanics ; but those sub- 
jects are entirely confined to the properties of space and 
number, and he is likely therefore to feel considerable 
difficulty if he is thrown at once upon the demonstration 
of propositions concerning that which is so new to him in 
its character and properties as force. Now it is hoped 
that by the study of the preceding chapters this difficulty 
will be obviated, and that, being now thoroughly familiar 
with the propositions which he has to prove, he will not 
find any very great obstacle in the way of comprehending 
the proof. 

2. The principle upon which we shall found the 
proof of the Parallelogram of Forces is this : a force acting 
upon a particle may he supposed to act at any point in 
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the line of its direction^ that point being conceived to be 
rigidly connected with the particle. 

Thus let ^ be a particle, acted upon by a force P A 
in the direction AP; take B any point mAP, then 
we may suppose P to act at B instead of A, provided 
A and B be conceived to be rigidly connected to- "^ 
gether. This is a principle the truth of which will 
be easily seen ; it does not require any experiment to 
prove it, but may be regarded as an axiom, the truth of Y 
which the student cannot fail to see if he has really ^ 
understood what is meant by force. The principle may 
however be illustrated thus. Suppose FF to be a weight 
hanging from a fixed point ^ by a fine string, the weight of 
which may be n^lected ; then there will be a cer- | ^^^ ^ 
tain pressure at A which will be equal to W: 
again, let us put a tack through the string at any 
point B, so that the weight will hang from B I^q 
instead of A, then the pressure on B will be equal 
to W, and therefore the same as it was at A in 
the former case : hence if we regard ^ as a force 
producing a pressure in the line AB W, we may say .^ 
that l^may be supposed to act either at A or at B, 

This being premised, we shall proceed to give a demon- 
stration of the Parallelogram of Forces, which has been 
already enunciated in p. 12 ; we shall find it convenient to 
divide the proposition into two, in the first of which we shall 
consAer the direction of the resultant of two forces, and in 
thd second its magnitude, 

3. Prop. If two forces, acting on a particle at A, be 
represented in direction and magnitude by the straight 
lines AB, AC, then the resultant will be represented in 
direction by the diagonal AD of the parallelogram de- 
scribed upon AB, AC. 

(1) When the forces are equal, it is manifest that the 
direction of the resultant will bisect the angle between the 
directions of the forces : or, if we represent the forces in 
direction and magnitude by two straight lines drawn from 
the point at which they act, the diagonal of the parallelo- 
gram described upon these lines will be the directioii<^^<K<^ 
resultant. Hence the propoaitiou \& tiuQ iox equal \sit^^«»^ 
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(2) Next, suppose that the proposition, just proved for 
equal forces, is true for two unequal forces P and Q, and 
also for P and R : we shall shew that it will be true for 
P and Q + E. 

Let A be the point of application of the forces ; take AB 
to represent P in direc- j^ ^+RC 

tion and magnitude, and ^ 

AC to represent Q ; com- 
plete the parallelogram 
ABDG, then by hypo- 
thesis AD is the direc- 
tion of the resultant of 
P and Q; and since a 
force may be supposed to 
iict at any point of its direction, we may consider D as the 
point of application of the resultant of P and Q ; therefore, 
since the resultant is in all respects equivalent to its com- 
ponents, we may suppose the forces P and Q themselves to 
act at D, P parallel to AB, and Q parallel to AC; or still 
further we may suppose P to act at C, in the direction CD, 

Again ; the force E which acts at A may be supposed 
to act at C; take CE to represent it in direction and 
magnitude, and complete the parallelogram CDFE ; then 
by hypothesis, CFis the direction of the resultant of P and 
fi acting at C : hence the resultant of P and B may be 
supposed to act at P, or P and B may be supposed them- 
selves to act at that point parallel to their original dire(^ons. 

Lastly; the force Q, which at present is supposed to be act- 
ing at D in the direction DF, may be supposed to act at F, 

Hence we have reduced the forces P and Q + B, acting 
at A, to P and Q + JK, acting at F ; consequently P is a 
point in the line of action of the resultant, and therefore 
AF is the direction of the resultant : that is, if the proposi- 
tion be true for P and Q, and also for P and i2, it is true 
for P and Q^B. 

• 

But the proposition is true for P and P, and also for 
P and P, therefore it is true for P and P+P or 2P; 
therefore for P and P+ 2P or 3P ; and so on ; therefore 
generally for P and mP, where m is any whole number. 

In like manner the proposition maybe extended to mP 
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and nP, m and n being any whole numbers. We may there- 
fore consider the proposition to be true for all forces*. 

.•. If two forces, &c. q.e.d. 

4. Prop. If two forces, acting on a particle at A, he 
represented in direction and magnitude by the straight 
lines AB, AC, then the resultant will he represented, not 
only in direction, hut also in magnitude, by the diagonal 
AD qf the parallelogram described upon AB, AC. 

Produce the diagonal DA to D\ making AIX eqlud to 
the resultant of AB and AC ra 
magnitude; complete the paral- 
lelogram ^5(7Z>', and join AC. 

Then since Aiy is equal to 
the resultant of AB, AC, and C'< 
drawn in the direction opposite 
to that of the resultant, the three 
forces AB, AC, AU balance 
each other, and therefore any 

* Rather for all ecmmentur<Me forces ; that is, for all forces the ratio of 
whose magnitudes can be expressed by the ratio of two whole numbers. But 
this is not the case with all forces ; for instance, we might have two forces, 

one measured by Vs lbs. and the other by 2 lbs. ; now the ratio of Vs : 2 
cannot be expressed by the ratio of two whole numbers exactlpi though it can 
be so expressed <u nearly as ever we please. To make this more clear, observe 

Vs 

that 2" = •8660264 very nearly; hence V3 : 2 :: 8660251 : 10000000, very 

nearly, and by taking more decimal places we could make the approximation 
still nrore close. Now as the proposition proved in the text is true for two 
forces whose ratio is 8660254 : 10000000, we should seem to be safe in conclud- 
ing that it is also true for the incommensurable forces whose ratio is Vs : 2. 
And by considering the matter thus we might conclude, that the proposition 
proved in the text for commensurable forces is true also for incomfncnstJmble. 
To take away however all kind of doubt we subjoin the following reductio ad 
abturdum. 

Let AB, AC represent any two incommensiuuble forces; complete the 
parallelogram ABDC, and if AD be not the 
direction of the resultant, let it bo AE. 
Suppose ^C to be divided into a numl)cr of 
equal parts, each part being less than ED, 
and suppose distances of the same magni- 
tude to be set off along CD, beginning at C, 
then one of the divisions must fall between 
E and D ; let F be the point which marks 
the division, and complete the parallelo- 
gram AOFC, then AF is the direction of the resultant of the commenstarabfe 
forces AO, AC: but AF mikes a larger angle with AC than AE, that is, the 
resultant of AO and AC lies further away from AC \.VvBiXk W\« t«S)a\\ax^. ^\. Xft 
and AC, although AO is less than A£, which \a &\m\\x^'. \i«Q»ft A£ N& "ciiaX ^^^^ 
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one of them is in the direction of the resultant of the other 
two ; hence -4(7 is in the direction of the resultant of AB, 
Aiy-y but AC is also in that direction, therefore AC^ AC 
are in the same straight line. Hence ADBC is a paral- 
lelogram; therefore ^/> = jB(7': but jBC=-42>': therefore 
AD=Aiy, And by construction AU represents the re- 
sultant oi AB and AC m magnitude; therefore AB also 
represents the resultant. 

/. Jf two forces, &c. q.e.d. 

5. We have thus established the proposition known as 
the Parallelogram of Forces, without appeal to experiment 
as in Chap. ii. ; and the proposition may now be supposed 
to rest upon the same kind of evidence as the theorems of 
Euclid. 

6. The Triangle of Forces, 

The proposition is sometimes stated in a form, in which 
it is called the Triangle of Forces, We will enunciate it 
as follows. 

Prop, If three forces, acting in the same plane, he in 

equilibrium upon a particle, and if in that plane we draw 

any three straight lines parallel to ths directions qf the 

forces, then the three sides of the triangle so formed will 

be in the same proportion as the forces. 

Let be the particle, P, Q, R the 
forces ; upon the directions OP, OQ set 
off Op, Oq proportional to P and Q : 
complete the parallelogram Oprq, and 
joimOr, then Or is in the same straight 
line with OR, by the parallelogram of 
forces ; and the three lines Op (or r^), 
Oq, Or are proportional to P, Q, R, 
respectively. 

Now draw three straight lines AB, BC, AC, parallel to 
the directions of P, Q, R respectively, that is, parallel to rq, 
Oq^ Or ; then the triangle ABC so formed is similar to the 
triangle rqO ; 

direction of the resultant ; and it may be shewn in like manner that no line 
is in that direction except AD. Hence the proposition proved in the text for 
commensurable forces, is true also for incammermtrable. 
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/. AB '. BC I AC :: rq ; Oq : Or, 

:: P : Q : B. 
.•. If three forces, &c. q.e.d. 

Cob. Hence, if two sides of a triangle, taken in order 
from an angular pointy represent in magnitude and direction 
two forces which act at that point, then the third side, not 
taken in the same order as the other two, will represent the 
resultant. Thus if AB, BC represent two forces acting on a 
particle at A, then A G {not GA ) will represent the resultant. 

7. The Polygon of Forces, 

We may generalize this proposition still further^ and 
deduce what may be called the Polygon of Forces, 

Prop. If the sides qf a polygon AB, BC, CD, DB,... 
gP, PA, represent in magnitude and direction forces 
acting upon a particle, these forces wiU prodtice equili- 
brium; and any one of the sides, as AP, taken in the 
opposite direction to that above supposed, wUl represent 
the resultant of all the rest. 

Join AG, then AG represents the resultant of AB, BG. 

Join AD, then AD represents ^ 

the resultant of AG, GD, Le. of 
AB, BG, GD. /^ . ^ 

And so on : hence AN repre- x^ 
sents the resultant of AB, BG, 
GD,DE. 

But the forces represented by jj- 
^iV, iVP, P^, are in equilibrium; ^ 

hence the forces represented by AB, BG, GD, DE,.,,NP, 
PA are in equilibrium. 

Hence the first part of the proposition is true; and the 
second immediately follows. 

.*. If the sides of a polygon, &c. Q. e. p. 

Obs. It may be remarked that the straight lines, AB, 
BG, &c., need not be all in the same plane. 

8. Resultant of any number of Forces acting at a 
point. 

The student is already acquainted with. tVv^ «:^^<;:^ 
tion of the parallelogram of forces to ^e TQasAn^A.^x^^'l^^^^^^ 
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into two compoDents in any directions (Art. 12, p. 14), and 
he will remember that we especially called attention to that 
case of resolution in which the components are at right angles 
to each other (Art. 14, p. 17). We shall now proceed to 
apply the principle of resolution and composition of forces 
to the following very general proposition. 

Peop. Any number of forces act at the same pointy 
their directions aU lying in the same plane; to find the • 
direction and magnitude qfthe resultant 

Let P be any one of the forces acting y 
at the point A, Let the plane of the 
paper be that in which the forces act ; 
in that plane choose any two lines at 
right angles to each other, AX and A Y, 
and let be the angle which the direc- 
tion of P makes with AX. Then P is 
equivalent to "**" 

P cos 6 acting in the direction AX, 

together with P sin 6 A Y. 

In like manner, a force P', the direction of which makes 
an angle ff with AX, is equivalent to 

P cos ff acting in the direction AX, 

together with P' sin ^ AY. 

And so on for any number of forces. Hence, adding together 
the forces which act in the same direction, we shall have a 

system of forces P, P, acting at angles d, 6' with 

the line AX, equivalent to 

P cos ^ + P* cos ^ + acting in the direction AX, 

together with P sin ^ + P' sin 5 + AY. 

For shortness' sake, let 

Pcos^+P'cos^' + =X, 

and 

P sm ^ + P' sin ^+ = Y; 

and let B be the required resultant, </> the angle w^ich its 
direction makes with the line AX; then 

JKcos</> = X, 
i? sin </> = Y; 
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9. Examples, 

We subjoin some examples of the process of composition 
described in the preceding Article. 

Ex. 1. A weight of 10 lbs. is supported 
by two strings, each of which is 3 feet long, 
the ends being attached to two points in a 
horizontal line 8 feet apart ; to find the 
tension of each string. 

Let ^, ^ be the two points of support ; 
AC, BC the strings; C the weight; iTthe 
tension of either of the strings, that is, the force which it exerts 
upon the weight in the direction of its length. Braw CD per- 
pendicular \jQ AB\ then ABC is an equilateral triangle, and 
ACD=BCD=ZQ\ 

Then resolving the two tensions vertically and horizontally, 

we have for the vertical resolved part of each Tqob 30® or T^ ; 

and the two vertical resolved parts together support the weight 
of 10 lbs.; 

.-. TV3 = 10, 
and T=^lbs. 

Ex. 2. A particle placed in the centre of a square is acted 
upon by forces of 1, 2, 3 and 4 lbs. 
respectively, tending to the angular 
points ; to find the magnitude and direc- 
tion of the resultant force. 

Let A be the particle, and draw two 
straight lines AX, AY perpendicular 
to the bides of the square, as in the 
figure. Then it will be seen that the 
application of the formulss of the pre- 
ceding article gives us the following ; E D 

i2 cos 0=1 X COB 45® + 2 X cos 135® + 3 x cos 225® + 4 cos 315®, 
=cos 46®- 2 cos 45®- 3 cos 45®+ 4 cos 45® = ; 

R sin 0=1 X sin 46® + 2 X sin 135®+ 3 x sin 225® + 4 sin 315®, 
= sin 45® + 2 sin 46® - 3 sin 46® - 4 sin 46® = - 4 sin 45®, 

= -2^2. 



1 
B 


i 


u 


? 


/ 




\ 


X 




62 Demonstrative Mechanics, 

.'. 0=90**, and -8= -2/^2 ; ue. the resultant is a force of 
2 ^2 lbs. acting in the direction opposite to A Y. 

Ex. 3. If four equal forces act by strings upon a particle, the 
angles between the directions being 30^, 45^ and 15^ to find the 
direction in which the particle will begin to move. 

Let A be the particle; then the first 

and last strings are at right angles to 

each other; therefore we may conveni- 
ently take them as corresponding to the 

lines of reference which we have called 

AX and A Y. Let A£y AC be the other 

two strings, and P the force exercised by 

each. Then we shall have 

i2cos0=P + Pcos3OO + Pcos75®, 
i2sin0 = P8in3OO+/>sin75»+P; 

1 + ^^ 
1 +Pin 30 + 8in 75^ 2 2j2 

*'^ ^^"l + co830+cos75«'' J3 JJ-i 

2 2V^ 

3^2 + ^/3 + 1 

"2^/2.+ V« + \/3-l' 

This formula may be reduced to numbers, and tp determined 
by means of trigonometrical tables. 

10. Equilibrium qf any number of Forces acting in 
one plane at a point. 

We have already enunciated in the form of the polygon 
of forces the most general conditions of the equilibrium of 
a system of forces acting on a pai*ticle ; this may be called the 
geometrical form of the conditions of equilibrium. We sliall 
now investigate the conditions algebraically. 

Peop. To find the conditions of equilibrium of any 
system of forces^ acting in one plane at the same point 

Suppose the forces to be all reduced to one \R), as in 

Art. 8 ; then in order that there may be equilibrium, we must 

have 

JK=0, 

orX«+y«=0. 
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And this equation cannot be true, unless we have 

jr=0 and y=0; 
or P cos ^+P'cos^+... = 0, 
Psin ^+P'sin^+.,.=0. 

These are the conditions of equilibrium ; and they may 
be expressed in words by saying, that ths sum of the forces 
resolved in any two directions perpendicular to each other 
must vanish, 

11. Examples, 

We shall now illustrate these principles of equilibrium 
by applying them to several examples. 

Ex. 1. If three forces, P, Q, R, be in equilibrium upon a 
point ; then 

P : Q'.Hi: sin QOR : sm ROP : sin POQ. 

This im\nediately follows from the triangle of forces. For 
referring to the figure of Art. 6, we have 

P:Q:R::AB: BCiAC, 

:: Hin A CB : Bin B AC : sin. ABC, by Trigonometry, 

:: sm QOR : sin ROP : sin POQ, 

It will, however, be worth while to deduce the result from the 
principle of the preceding Article. 

Draw any two straight lines OX, 
K at right angles to eacluother, and 
let XOP = e, XOQ = <p, XOR = \p, 
these angles being all measmred *the 
same way round from OX, 

Then, in order that P, Q, R may 
be in equilibrium, we must have 

Pcos^+Qcos^+iZcos ^=0, 
P sin ^ + g sin ^+ « sin v«' = 0. 

Multiply these equations by sin ^ 
and cod ^ respectively, and subtract ; then we have 

P (sin ^ cos ^ - sin 9 cos ^) + Q (sin v^ cos - sin <f> cos ^) -0, 

or P8in(f-^) + Qsiu(\f-<|>^=Q^ 
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but ^ - ^= 3600 -iZOP,' and ^-^.^QOiZ, 

.-. - PauROP+Q Bin QOJl=0, 

P Q 

' Bin QOH Bin HOP' 

Hence we may conclude that 

onQOJt^^nEOP^^PM* ^^''^'''^' 

Ex. 2. A small ring B is attach- 
ed to the extremity of a thread AB, A; 
which is fastened at A, CBW is 
another thread passing through the 
ring B and supporting a weight W. 
To find the position oi B\ A and C 
being in the same horizontal line, and 
the weight of the ring being neg- 
lected. 

We are to regard the ring J3 as a particle, kept at rest by 
three forces acting in the directions of the three portions of 
thread which meet in it. Concerning the force exefted by AB^ 
in other words, the tension of the thread, we know nothing, we 
will therefore denote it by a symbol T\ the length of ^^ is 
given, call it I. With regard to the other thread, we observe 
that the force exerted by the upper portion of it, CB<, must be 
equal to that exerted by the lower portion BW^in other words, 
the tension is the same throughout the same thread ; therefore 
we shall have a force W in the direction BC^ and another force W 
in the direction BW. The distance AG must be given, call it a. 
And let BAC=e, ACB=4>, 

Then, resolving the forces horizont%Ily and vertically, we have 
tl^^ two following equations ; 

TQOBe-'WcoB4> = (1), 

rsin^+»rsin0-Tf=O (2). 

But theae equations involve three unknown quantities, 7\ 6^ 
and <ptf therefore we must have one other relation between them ; 
this is supplied by the trigonometrical conditions of the triangle 
ABO; fpr ^e have 

I 8in<p 

a"ttn~(^+~0) ^^^' 

Now inultiplying (1) by sin 0, and (2) by cos 6, and subtract- 
ing, there results 

Tr(8iu cos +C08 $ sin fp)-W cos ^=0, 
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or, sin (9 + 0) = cob 0, 

or, ^=900-2^ (4). 

.*. from (3), - = — ^-- , 

l-2 8in2(?=-sin^, 
a 

I /T' — 

»;„#=__ ±^_ + J. 

The + sign must be taken for the radical, since it is evident 
that e must be less than ISQO. The value of thus found 
entirely determines the position of B, 

Ex. 3. A rod BC is moveable in a 
vertical plane about a hinge at ^ ; a thread, J* 

attached to a point A in the same horizontal f 

line as B, passes over the extremity of the 
rod and supports a weight W, Omitting the 
weight of the rod, it is required to find the 
position of equilibrium. 

In this problem we must regard the ex- 
tremity C of the rod as a particle, which is 
kept in equilibrium by the two forces exerted 
by the thread in the directions CA and CPT respectively, and by 
that which the rod itself exerts in the direction of its length. 
The forces at C will be each equal to W; the force at B we will 
denote by P, 

Then if AB=a, BC=h, BAG -6, ACB=^<I>, we have, by 

resolving the forces horizontally and vei-tically, the following 

equations, 

TFcos^-Pco8(^ + 0)=O (1), 

Tr8in^-PBin(^+<>)+T7=0 (2); 

and we have also the Trigonometrical condition, 

a sin d> 

^ ^=V-| (3). 

6 sin^ 

Having obtained these three equations, 6^ 0, and P may all 
be found, and the problem may be completed in the same maun^x 
as the preceding one. 

Q.8, ^ 
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12. Remarks on the solution of mechanical problems. 

The equations with which we have to deal in Statics are 
of two kinds ; those which arise from the two mechanical 
principles, namely, the Parallelogram of Forces, and the 
Principle of the Lever, and those which arise from the 
necessary geometrical connection of the different parts of 
the system. In considering the equilibrium of a particle, 
acted upon by forces whose directions lie all in one plane, 
the equations which result from the Parallelogram of Forces 
are two and only two; and these we call the mechanical 
equations of the problem. If these equations involve only 
two unknown quantities, they contain the complete solution 
of the problem ; but if, as is frequently the case, they contain 
more than two, then other relations among the unknown 
quantities must be sought from geometrical considerations; 
the equations so found, which of course contain no forces^ 
but only lines and angles, are called geometrical equations. 
And in the solution of problems it is always necessary to 
obtain as many equations as there are imknown quantities 
involved; so that if there be n unknown quantities, we 
must, before we can solve the problem, obtain n — 2 geo- 
metrical relations among them. 

It may be further remarked that the greater number of 
statical problems may be solved in more than one way. 
The advantage of the general method ^ven in p. 63 is, that 
it includes all kinds of problems, that it is simple in its 
principle and easily applicable in almost all cases. At the 
same time it must be allowed, that many problems may be 
solved more concisely by choosing methods peculiarly suit- 
able to them. In the case of Ex. 2, p. 64, for instance, the 
equation (4), which together with the geometrical equation 
(3) contains the solution of the problem, may be obtained 
readily thus : 

The tension Tis in the direction of the resultant of the 
two tensions which act in the directions BC, B W, But 
these two latter tensions are equal ; therefore AB must 
bisect the angle between BC and B W. 

JS'ow ^J?(7=90o + </>; 

IVBG 
and by our principle, —y-^BAC+BCA (Euo. l 32). 
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/. 90^ + </) = 2^+2</j^ 

or</) = 90»-2d, 

which is the equation required. 

The same method will simplify the solution of Ex. 3. 
The student will often meet with cases in which a little 
ingenuity will save much trouble ; he should however on 
no account neglect the application of the uniform general 
method of p. 63, which, though not always the shortest, is 
certainly the surest. Sometimes a geometrical construction 
will be able to take the place of elimination amongst several 
equations, and when familiar with the subject, the student 
may adopt in each problem the method which seems to him 
best; but he must remember that he is studying Mechanics 
and not Geometry, and therefore those methods are the 
most important and best, which exhibit from the clearest 
point of view the mechanical conditions of the problem. 



EXAMINATION UPON CHAPTER V. 

1 . Prove the parallelogram of forces, so far as the direction 
of the resultant is concerned, for commensurable forces. 

2. Extend the proof to the case of incommensurahle forces. 

3. Assuming the parallelogram of forces so far as the direction 
of the resultant is concerned, prove it as to magnitude, 

4. Enunciate the Triangle of Forces, 

5. Enunciate the Polygon of Forces. 

6. Determine algehraically the direction and magnitude of 
the resultant of any number of forces acting in given directions 
at the same point, the directions being supposed to lie all in one 
plane. 

7. Investigate algebraically the conditions of ec^uilibrium of 
a particle under the action of any forces whose directious all lie 
in one plane. 

8. The resultant of two forces which act at right angles to 
each other is equal to n times the geometrical mean between 
them ; find the ratio of the two forces, and the smallest value of 
n for which the problem is possible. 
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9. Given the sum of two forces, and their resultant -when 
they act at an angle of 60^ with each other ; find the forces. 

10. A and B can each carry a weight of P Ihs. What 
weight can they carry between them, when walking a feet 
apart, by means of two cords, each h feet long, attached to the 
weight ? 

11. Two equal weights (W) are attached to the extremities 
of a thread, which is suspended from three tacks in a wall, forming 
an equilateral triangle ; find the pressure on each taok. 

12. In the precediog problem find the vertical strain upon 
each tack, supposing the base of the triangle to make an angle 
with the horizon. 

13. A particle at the centre of a regular hexagon is urged 
towards the six angular points by forces equivalent to 1, 2, 3, 4, 
5, 6 lbs. respectively ; determine the direction and magnitude of 
the resultant. 

14. Af Bf and C pull at the ends of three ropes which are 
knotted together in 0. B and (7 are of equal strength, and A is 
as strong as B and C together; what help will B and C require 
to maintain in equilibrium against A when BOC=Q0^1 

15. A fine thread ha» a small ring at one extremity; the 
other extremity is passed through the ring and attached to a 
weight ; the whole is suspended by means of the loop thus formed 
from two smooth tacks in the same horizontal line; determine 
the position of equilibrium. 

16. In the preceding problem find the direction and magni> 
tude of the pressure upon the tacks. 

17. A given force 11 is divided into two others P and Q 
(P+Q=22); prove that the resultant of P and Q, supposed to 
act on a point at right angles to each other, will be least when 

18. Six men pull by means of a rope 100 feet long attached 
to the top of a tree 60 feet high towards the South ; and five 
men by means of a rope 12 feet long towards the East ; find in 
what direction the tree will fall. 



CHAPTER VL 

DEMONSTRATIVE MECHANICS. PRINCIPLE OF THE 
LEVER. THEORY OF COUPLES. CONDITIONS OF 
EQUILIBRnJM OF A RIGID BODY, THE DIREC- 
TIONS OF THE FORCES BEING ALL IN ONE PLANE. 



1. The cojiditions of equilibrium qf rigid bodies de- 
duced from the Parallelogram qf Forces, 

IN the preceding Chapter we have been concerned 
entirely with the equilibrium of forces acting on a 
particle^ or the conditions under which a particle acted upon 
by any system of forces whose directions arc in one plane can 
be at rest. In the present we shall be occupied with the con- 
ditions of equilibrium of a rigid body ; we have already, in 
Chap. iiL, considered the particular case of two weights 
suspended upon a lever, and we shewed, experimentally, that 
the condition of equilibrium was the equality of the moments 
of the two weights about the fulcrum : we shall now shew 
how this and some more general results may be deduced 
from the Parallelogram of Forces, which in the preceding 
Chapter we have demonstrated. 

We shall commence with the Principle qfthe Lever, 

2. Prop. If two forces acting at the extremities of 
a lever, and tending to twist it opposite ways, produce 
eqmlibrium, the moments of the forces about the fulcrum 
are equal, 

I. Let the ^drecHouA of the forcea \:>e not '^^suniSL^ 
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Let P and Q be the forces, acting 
at the extremities A, By of the lever 
AB, Produce the directions of P 
and Q until they meet in C; then P 
and Q may both be supposed to act 
at G, Take Cm, Cn, proportional 
to P and Qy and complete the paral- ^ a 

lelogram Cmpn\ join Cp and produce it to cut AB in O, 
then the resultant ^f^ and Q acts in the direction CO, and 
therefore must be the fulcrum, otherwise there could not 
be equilibrium. Draw OD, OE perpendicular to AC, BC; 
then 

P _ Cm _ Cm _ sin Cpm _ sin nCp 
Q" Cn~ mp ~" sin mCp "" sm mOp 

OC^mO CE OE , 
^OCBXhOCD~ OD' 

.'.P.OD=Q.OE, 

or the moments of P and Q about O are equal. 

II. Let the directions of the forces be parallel 

In this case the directions of the forces, when produced, 
will not meet in a point, as supposed in the preceding 
investigation; and we must therefore slightly modify the 
method. 

At A and B apply any two equal and opposite forces 
S in the direction of the 
lever; this will manifestly 
not affect the equilibrium; 
then the resultant of P and 
S will be a force in the 
direction CA, suppose, and 
that of Q and S a force in 
the direction CB. Suppose them both to act at C, and 
there to be resolved into their constituent parts P and S, 
Q and S ; the portions S, S will destroy each other, leaving 
a resultant P + Q in the direction CO parallel to the 
directions of the forces. 

Then the sides of the triangle AOC&re parallel to the 
directions of the forces P, ^and their resultant; therefore 
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by the triangle of forces (Art. 6, p. 58), 



In like manner 



P_CO 
Q CO 



S BO' 
.\ P,AO-^Q.BO. 

If the forces P and Q be perpendicular to the lever, 
this formula proves the proposition; if not, from draw 
ODj OB perpendicular to the directions of P and Q; then 
the triangles AOD, BOB being similar, we have 

AOBO 

0D~ OB' 

SLJid,\P.OD=Q.OB. 
Hence If two forces, &c. q.b.d, 

3. Bxtension of the proposition. 

In the above proofs the forces are taken as acting on 
opposite sides of the fulcrum. By similar proofs it may bo 
she\ni that the moments of the forces are equal in the ^ase 
where the forces act on the same side of the fulcrum and 
keep the lever at rest. 

We have in the preceding demonstration supposed 
that the two forces act at the extremities of a straight 
rigid rod; but it is not difficult to see, that the propo- 
sition is true of two forces acting in the same plane upon 
any rigid body one point of which is fixed. 

For let P and Q be two forces acting at the points A 
and jS of a rigid body, in 
which the point O is 
fixed < Through O draw 

any straight line A'OB\ 

meeting the directions of /^ ^ 

P and Q in A' and B' re- 
spectively; then P may be supposed to act at A\ and Q 
at ^, and thus the problem is reduced to that of two forces 
acting at the extremities of the straight lever A' OB', 

4» General problem of forces in one plane* 

We shall now proceed to the general problem oC tfc>ftk 
equilibrium of any number of forces, ac\.\Ti^m>iXi^^a5Xift^^Jsasia 
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upon a rigid body. The most elegant method of treating 
the problem, and the simplest, is that which depends upon 
the properties of couples, which we must therefore in the 
first place explain. 

6. Definiticms <j/* Couple, and Moment. 

Two equal and opposite forces acting at right angles to 
a rigid rod are called a couple. p 

Let the two forces P, P act in 1^ 

opposite directions upon the extre- 
mities of AB, and perpendicularly 
to its length, then ^^ is called the 
arm of the couple, and P.AB is 
called its moment, ^1? 

6. No single force can balance a couple, 
Kow the peculiarity of a couple is this, that it is the onlp 
case of two forces acting upon a lever, in which it is im- 
possible to find a third force which will with the other two 
produce equilibrium. If possible let (7 be a point in the 
direction of AB produced, at which a force may be applied 
which shall be in equilibrium with the two forces of the 
couple. Then by what has been already proved (Art. 2) we 
must have 

P.AC^P.BG, 

or AC=BC; 
which is impossible. 

The same truth may be seen from the following simple 
consideration. Suppose a force 
applied at C to be capable of 
keeping the system in equilibrium ; 
then producing AB and making 
BD=AC, a force applied at D, 
in the direction opposite to that 
which we supposed applied at C, 1* 

will be situated exactly in the same manner with reference 
to the couple as that at C: so that if a force at C can keep 
the system in equilibrium, an opposite force applied at D 
can do the same, which is absurd. 

Hence we may conclude that the effect of a couple upon 
a rigid rod will be to tend to make the rod twist about its 
middle point 
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7. The application of the method of couples to the in- 
vestigation of the conditions of equilibrium of a rigid body 
depends upon the three following propositions. 

8. Prop, The effect of a couple is not altered bp 
turning its arm about one extremity through any angle 
in the plane of the forces. 

Let P, P be the forces, AB the arm of the couple : 
through A draw AB' equal 
to ^^,and making any angle 
with it: at A apply two op- 
posite forces, in the direction 
perpendicular to AB\ and 
each equal to P; we shall 
call them P' and P" for dis- 
tinction's sake, but it will be 
borne in mind that they are 
each of the same magnitude 
as P. At B\ in like manner, 
apply the equal and opposite forces P', P", as represented 
in the figure. Produce the directions of P at -6, and P' at 
B\ to meet in C7; then P, P' may be supposed to act at C\ 
join AC, 

Now in the triangles BAC, B'AC, we have AB=AB\ 
and AC common, and the right angle ABC =ihe right 
angle ABC\ :, BC=B'C^ and the triangles are equal in 
all respects. 

Hence AC bisects the angle between the two equal 
forces P, P'\ and therefore P, P' acting at C will have a 
resultant^ (R suppose,) in the direction CA, 

Again, since PA is parallel to P(7and ^(7 meets them, 
the angle PAC=^PCA : in like manner the angle P'AC 
= P'CA; hence the forces P, P acting at A will have a 
resultant E, in the direction AC, 

The two forces R, B, acting at A and C, in opposite 
directions will neutralize each other; and thus the only 
forces left are P' ui A, and P" at B\ That is, the couple 
with the arm AB has been transformed into a couple with 
the equal arm AB', and equal forces. 

The effect of a couple, &c. (^.^.i>. 
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9. Prop. The ^ect of two couples, the arms qf which 
have a common esctremity, and which tend to twist in the 
same direction^ is the sam>e provided their moments are 
equal 

Let AB be the arm of a couple; P, P the forces. At 
A apply a force greater than P, P-^Q p+Q p 

suppose ; and at C, a point between A 
And By apply the force P+Q in the 
opposite direction. j 

Then the two opposite forces P+ Q 
and P, acting at A, will be equivalent 
to a force Q acting in the direction of p p^.^ 

the former; and by what has been 
proved in Art. 2, the force Q at A, and the force P B,t B 
will be in equilibrium with the opposite force P + QoiCy 
provided 

Q.AC=P.BO, 

or (P+Q) AC=P(AC+BG)=P.AB, 

Hence the original couple will be entirely counteisacted 
by the new couple which we have applied, which has the 
same moment and tends to twist in the opposite direction. 

/. The effect of two couples, &c, Q.B.n. 

10. A couple may he defined by its moment. 

Taking this proposition in conjunction with the last, 
we see that if one extremity of the arm be given the ^ect 
qfa couple depends entirely upon its moment; hence it is 
not unusual to denote a couple by its moment; thus if we 
have a couple of which the forces are P, P, and the arm a, 
we shall call it the couple P . a. 

11. A couple which is equivalent to any number of 
couples is called the resultant of those couples; and those 
couples are called with reference to that resultant compo^ 
nent couples, 

12. Use qfthe sign — , a* applied to couples. 

The algebraical sign — , which we have found useful, 
as designating the direction of a force, may also be applied 
with advantage to couples : thus if we have two couples, 
one of which tends to twist a body in one direction and thQ 
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other in the opposite, we may distin^ish them by the signs 
+ and - attached to their moments. In the preceding pro- 
position^ for example, we obtained the resulti 

{P+Q)AC=P.AB, 
Of {P+Q)AC-P.AB^O. 

If we a^gree to call one of these moments positive and the 
other negative, we shall have this result, 

the algebraical sum of the moments = 0. 

This residt we shall generalize and further elucidate by 
the following proposition* 

13. Pkop. The re€tekant qf any number of coupler, 
the arms of which Iw/ce a common eatremity, is that couple 
which ha>sfor its moment the algebraical sum of the mo- 
ments qfthe component couples^ 

Let Pa, P'a'y P^a'^ be the couples; and let us 

reduce all the couples to the arm a ; thus the couple Pa' 
will be equivalent to a couple having an arm a, and force 

P'.-, since P'a'=P'. -.a, (Art 9); and P'V will be 

equivalent to a couple having an arm a, and force P".— ; 

a 

and so on. 

Now suppose 7? to be the resultant of the forces acting 
at either end of the arm a, when the couples have been all 
reduced to that arm; 



.^i^=p+p'.-+p'^^+ 

a a 



And by the process adopted, the couples are all reduced 
to one, having an arm a and force B ; 

•*. the moment of the resultant couple ^ i? . a^ 

=Pa-^P'al + P'(^''¥ 

If the couples should not all tend to twist in the same 
direction, the moments of those which tend in the direction 
opposite to Pa will be negative. 

.'. The resultant, d:c, q.e.i>. 




76 Demonstrative Mechanics. 

14. The three propositions which have been preyed in 
Arts. 8, 9, 13, contain (as was annonnced) all the necessary 
properties of couples, when we consider the action of forces 
in one plane only. We shall now apply the theory of 
couples to the investigation of the conditions of equilibrium 
of a rigid body, the directions of the forces lying all in one 
plane. 

15. Prop. Any system qf forces^ {the directions qf 
which lie in one plauCy) acting upon a rigid body, may he 
reduced to a single force, and a single couple. 

Let P be any one of the forces, acting 
in the direction BP, Take any point A 
in the plane of the forces; and at A 
apply two equal and opposite forces P, 
parallel to BP; this will not affect the 
condition of the body. Draw AB per- 
pendicular to BP. Then instead of the 
force P acting in direction BP we have 
now the force P acting at A parallel to BP, and the couple 
P,AB. 

In like manner, each of the forces may be reduced to a 
force at A parallel to its direction, and a couple the arm of 
which has A for one extremity. 

Now all the forces at A are equivalent to one resultant 
force (Art. 8, p. 60); and all the couples the arms of which 
terminate in A are equivalent to one resultant couple 
(Art 13). 

.*. Any system, dbc, q.e.d. 

16. The resultant force is independent, and the re- 
sultant couple dependent, on the position of A* 

It is easy to see, that the resultant force spoken of in 
the preceding proposition will be the same wherever the 
point A is taken ; for if P be any one of the forces, B the 
angle which its direction makes with any given straight line 
through A, P may be resolved into P cos 6 parallel to that 
line, and P sin 6 perpendicular to it (Art. 8, p. 60) ; and 
other forces P', P'\ . .may be resolved in like manner : hence 
if i? be the resultant force, and <^ the angle which its 
direction makes with the line from which B is measured, we 
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Lave 

R cos <^.=P cos ^+P' cos d'+ ... 

R sin ^=P sin d+P' sin ^+ ... 

which results are altogether independent of the position 
oiA. 

Bat in calculating the moment of the resultant couple 
we must find the algebraical sum of the moments qf the 
forces with respect to A : thus ifAB=a, and the perpen- 
dicular distance from A upon the direction of P^ be a', and 
so on, we have 

moiiient of resultant couple = Pa + P^a^ + ; 

and this quantity manifestly depends for its value upon 
those of a, a'... that is, upon the position of A. 

17- Conditions qf equilibrium for a rigid body. 

From the preceding proposition we can at once deduce 
the conditions of equilibrium for a rigid body. For we 
have already shewn that a force and a couple cannot coun- 
teract each other (Art 6) ; hence, if a system of forces be 
reduced to one resultant force, and one resultant couple, 
the two must separately vanish, that is^ we must have 

resultant force = 0, 

moment of resultant couple = 0. 

The former of these conditions divides itself into two ; for 
(as in Art. 10, p. 62), if a force =0, each of its components 
must=0. Hence according to the notation adopted in the 
preceding article, we shall have for the conditions of equi- 
librium of a rigid body 

Pcosd+Pcos^4- =0 (1), 

Psin^ + Psin^ + = (2), 

Pa-^rd + = (3). 

The equations (1) and (2) maybe called the equations of 
equilibrium as regards translation, and are identical with 
those which hold for a single particle ; equation (3) may be 
called the equation of equilibrium as regards twisting or 
rotation, and is peculiar to the case of a rigid body. 

18. Case qfa rigid body capable of motion only abotjA 
a certain fixed axis. 
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It is worthy of remark, that if a rigid body be capable 
of motion only about a certain fixed axis, the three equa- 
tions of the preceding article are reduced to one; for in 
this case any tendency to translation will be counteracted 
by a pressure on the axis, and the sole condition of equili- 
brium will be that the resultant moment of the forces about 
the axis shall be zero. Nevertheless we may in this case 
apply the three equations, if we desire, not only to determine 
the position of equilibrium for the body, but also to deter- 
mine the pressure upon the axis : for let R be the pressure 
of the axis on the body, <^ the angle which the direction of 
E makes with the line from which 6, 6', , . are measured ; then 
the equations (1), (2), of the preceding article, will become 

i2 cos </)+ P cos ^ + P' cos ^ + ... =0, 
i?sin<^ + Psin^+P' sin^' + ... = Oj 
and these will determine both B and <p, 

19. Examples in illustration of this Chapter, 

We shall defer the full application of the equations of 
equilibrium until we have discussed, as we propose to do 
in the next Chapter, what are called the Mechanical Powers, 
or the simplest cases of Machines ; these might be con- 
sidered merely as examples of the principles of this and the 
preceding Chapter, but it will be convenient to group 
together (as is usual) in one chapter those problems which 
have a practical bearing, and then to collect in another such 
examples as may be considered chiefly theoretical and only 
useful as illustrations of Mechanical Principles. We shaU 
however illustrate the meaning of the. equations of this 
chapter by a few simple applications. 

Ex. 1. ^^ is a vertical post 
moveable about a hinge at B ; two 
men at C and J) puU at the post 
by means of cords attached at A ; 
given the height of the post and 
the lengths of the cords, compare 
the strengths of the men when AB 
remains vertical. 

Let AB=p; CA = l; J)A =2'; P, P' the forces exerted by the 
two men. Draw BE, BF perpendicular to AC, AD respectively; 
then for equilibrium we must have 
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moment of P about B 3= moment of P about B^ 

or P,BE=P'.BF', 

but by similar triangles ABC, BBC, 

AB _BE ^ 
ACBG* 



similarly, BF='^, s/l"'-p\ 

''' p'~vS/ i^-p^' 

This formula gives us the ratio required. 




Ex. 2. We see from the preceding investigation that the 
effect which a man can produce, by means of a rope attached in 
the manner described, is measured by the moment of the force 
which he exerts, not by the force itself. Let us illustrate this 
by inquiring under what circumstances a man can 
with the greatest advantage pull at a tree AB, 
by means of a rope of given length C7Z>, attached 
to a point D in the tree. 

Let F be the whole force which the man can 
exert ; CD = l; I)CB = d; draw BE perpendicular 
to CJ); then the moment of F dbotU B 

:=FxBE=FxBC Bin 6, 

Fl 
=Fx I cos sin 6= — sin 26. 

Now sin 20 has its greatest value when 2^=90®, or ^=45®, 
In this case BC^BB; or the man will pull to the greatest 
advantage, when the height of the point of attachment of the rope 
is equal to the man's distance from the tree : and the moment 
produced will be equal to that which would support the greatest 
weight the man can lift, suspended from the free extremity of a 
rigid rod moveable about one end and half as long as the rope. 

Ex. 8. Let us inquire in Example 1, what will be the pres- 
sure sustained at the point B. 

Let Jl be the pressure, and the angle which its direction 
makes with BD; also let A CB=^0, ADB=0^; then we must have, 

B cos 0-P cos + P* cos ^'=0 (1), 

i2sin0-P8in^-P'ttue'=Q .V5.\ 



80 Demonstrative Mechanics. 

these equations correspoDd to (1) and (2) of Art. 17. The third 
equation of that article, or the equation of momentSj we have 
abreadj used in £x. 1 ; we will however repeat it, making use of 
our present notation ; it will be as follows, 

Pp cos 0~P'p cos ^=0, (siuce BE=p cos 0, BF=p cos 0^ 

orPcos^-P'cos^'=0 (3), 

equation (3) reduces (1) to the following. 

It cos 0=0; 
.-. 0=900, 
and then Jl=P sin ^+P' sin ^, from (2). 

Hence therefore the pressure at B w^ill be a vertical pressure, 
and equal to the sum of the vertical resolved parts of P and P'. 
This is a conclusion which might have been anticipated ; but it is 
desirable to see how the result arises from the general equatioos 
of equilibrium. 

Ex. 4. il^ is a heavy beam, 
moveable in a vertical plane about 
A, and inclined to the horizon at an 
angle of 45°; required the force 
which must be exerted by a man 
standing at (7, where AC=ABf to 
prevent the beam from falling. 

Let the weight of the beam be W; this we may regard as a 
single vertical force acting at the centre of gravity G of the beam, 
and G will be the middle poitit of il^ if we regard the beam as 
uniform. Let P be the force required; and AB=a, 

Then for equilibrium the moments of P and W about A must 
be equal; 

.\ P X a sin ABC= Tf x ^ cos 45°, 

W 
or P sin 22030' = -^ sin 45®= W sin 22«30' cos 22030'; 

.% P=Tr cos 22^30', 

which is the force required. 

Ex. 5. In the preceding example, as in Ex. 8, the two equa- 
tions of equilibrium which we have not used will give us the 
pressure sustained by the ground at the point A, Instead of 
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calling thiB pressure i2 as in the former instance, and denoting by 
4> the angle which its line of action makes with the horizon, we 
will take X and Y to represent its horizontal and its vertical 
resolved part respectively. We shall then have, if we resolve 
horizontally and vertically, 

Z-Pcos 5Cil=0, 

but 5(7^ = 22030', and P= TV cos 22080'; 

W 
,\ X=P cos 22030'= W cos^ 22030'=-^ (1 + cos 45°) 

and r= W+ P sin 22030'= W{l+aii 22030' cos 22030') 

These two expressions for the resolved parts Xand Y entirely 
determine the magnitude and direction of the pressure ; for if i2 
and have the meanings above assigned to them, we have 

Y 

J?=JP+ r*, and tan 0=;^. 

Ex. 6. The general principles of equilibrium require, that 
the forces resolved in any two directions at right angles to each 
other should vanish, and that the moment of the forces about any 
point should also vanish. We will illustrate this by resolving the 
forces in the preceding example in the direction of AB and perpen- 
dicular to it, and by taking the moments about B, In considering 
the problem thus we must regard the beam ^5 as under the action 
of the four forces P, W, X and Y; and we will slightly vary the 
problem by supposing AB to make with the horizon a given 
angle ; then we shall have 

TFsin ^ + Pcos^-Zcos ^- Fsin ^=0 (1), 

Wcoae-Pam^ + XBia 0-Ycoae=O (2), 

Xa sin ^- TF| cos ^- Ya cos ^=0 (3). 

Multiply (1) by cos 0, and (2) by sin 0, and by subtraction 
there residts, 

G.8, ^ 
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($ d\ 

COS B coa^ + sin ^ sin - J - X=0, 

or X=P cos- . 

Again, multiply (1) by sin $, and (2) by cos $, and by addition 
we have 

TF+ P ( sin ^ cos - - cos $ sin 



( sin cos - - cos ^ sin - ) - F=0, 



or r=TF+P8in -; 



therefore from (3) 



T^ cos ^ _ ^ «. . ^ 
rt — = ^ cos ^ - X sin $f 



(6 6\ 

sin - cos ^ - sin ^ cos - I , 



= W COS B - P sin - ; 
.■.P = W~^^ 






X^W—^ 



2 tang 



If ^=45®, these results agree with those already obtained. 

20. The principle of the Lever proved independently 
qf the paratletogram qf forces. 

We will conclude this chapter by shewing how the prin- 
ciple of the lever may be established independently of the 
parallelogram of forces, and how it may then be made the 
basis of a system of Statics. 

21. Axiom on which the proof depends. 

The demonstration depends upon the following axiom. 

Two eqiud weights W, W, supposed to he connected by a 

rigid rod without weight will balance A ^ 

upon tlie middle point of the rod and will W W 

produces there a pressure equal to 2W. This axiom there 



Principle of the Lever. 83 

is no difficulty in admitting, because, the weights being 
equal, there is no reason why one of them should descend 
rather than the other ; and moreover, if the middle point 
of the rod be supported, the supporting point sustains the 
two weights, and therefore the pressure upon the point 
must be measured by the sum of the weights. 

Hence it follows, that a uniform rod or cylinder will 
balance about its middle point, and will produce there a 
pressure equal to its weight ; this is sometimes expressed 
by saying, that the statical effect of the rod or cylinder is 
the same as it would be if collected at its middle point. 
The truth of this immediately follows from the axiom just 
now enmiciated, because we may consider the rod as cut 
up into any number of equal weights, and as each pair 
equidistant from the centre may be collected at the centre, 
the whole may be so collected. 

22. Proof of the principle of the Lever. 

Now let us take a uniform A E C P F B 
heavy rod AB, the weight of 
which \& P+Q. This rod will 
balance about its middle point C p o 

Divide AB in D, so that 

AD \ BB v. P : ©, 

then the weight of the portion AD is P, and that of DB 
is Q. Let E be the middle point of AD, and F of DB ; 
then the statical effect of the rod AD is the same as that 
of a weight P suspended from E, and that of DB as that 
of a weight Q suspended from F, Hence the weights P 
and Q, suspended from E and F respectively, vnll balance 
about C\ and we have now only to determine by geometry 
what is the relation of the two arms CE and CF. 

We have CE==AC-AE=BC-ED=DB-CE, 

.\DB = 1CE\ 
similarly, ^i>=2(7i^; 
but P : Q :: AD : DB, by construction, 
.\P : Q :: CF : CE; 
orP.CE=Q.GF. 
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That is, the moments of P and Q about C must be equal ; 
which is the principle of the lever. 

The proposition thus proyed for two weights is true for 
any two parallel forces, and we can easily deduce the ease 
in which the forces are not parallel. This has in fact al- 
ready been done in p. 29. 

23. Assuming tJie principle cfthe Lecer^ we can now 
prove the paraUdogratn of forces. 

Let Am, An represent in magnitude 
and direction two forces P and Q acting 
at the point A : complete the paraUelo- 
gram AmBn, and draw AB, iJso draw 
BC, BD, perpendicular to Am, An pro- 
duced. Now suppose AB to be a rigid 
rod or lever, moveable about B, and acted 
upon by the forces P and Q at ^. Then 

P _ Am _ sin mBA _ sin nAB __ BD 
Q "" An ~ sinmAB ~ mimAB "" BC ' 

oyP.BC=Q,BD^ 

therefore the forces P and Q would keep the lever at rest. 

And since the resultant of P and Q would produce the 
same effect as P and Q together, it also acting at A would 
keep the lever at rest. But no single force acting at A 
can keep the lever at rest, unless it act in the direction 
AB, in which case it will only produce a pressure upon B 
which we suppose to be fixed ; hence AB is the direction 
of the resultant of P and Q, 

Having thus proved the parallelogran^ of forces as 
regards direction, it may be extended to the magnittide 
precisely as in Art. 4, p. 67. 




EXAMINATION UPON CHAPTER VI. 

1. From the parallelogram of forces deduce the principle of 
the lever, the forces not being parallel. 

2. Deduce the truth of the principle when the forces are 
parallel. 
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3. Shew that the principle of the lever if proved for a rigid 
rod may be extended to the case of any rigid body. 

4. Define a couple^ the arm of a couple, the moment of a 
couple. 

5. The effect of a couple cannot be counteracted by the 
action of any single force. 

6. The effect of a couple is not altered by turning its arm 
about one extremity through any angle in the plane of the forces. 

7. The effect of two couples, the arms of which have a 
common extremity, and which tend to twist in the same direc- 
tion, is the same, provided the moments be equal. 

8. Shew how to find the resultant of any number of couples 
having the same plane. 

9. Any system of forces, the directions of which lie in one 
plane, acting upon a rigid body, may be reduced to a single force 
and a single couple. 

10. Investigate the conditions of equilibrium of a rigid 
body, the directions of the forces which act upon it lying all in 
one plane. 

11. Prove, without assuming the parallelogram of forces, 
that two weights will balance upon a straight lever if their mo- 
ments about the fulcrum be equal. 

12. Assuming the principle of the lever, deduce the paral- 
Idog^m of forces so far as the direction of the resultant is 
concerned. 

13. If a man who can just lift 3 cwt. pull at a post as in 
Ex. 2, p. 79, by means of a rope twice as long as the post is 
high, &id what horizontal force must be applied at its middle 
point to prevent it from falling. 

14. In Ex. 3, p. 80, these words occur : "This is a conclusion 
which might have been anticipated." Explain this passage. 

15. Solve the problem given in Ex. 4, p. 80, upon the sup- 
position of the angle which AB makes witii the horizon being 
60^ and supposing also that a weight equal to half the weight 
of the beam is suspended from B. 

16. Under the circumstances supposed ' in the preceding 
example find the direction of the pressure at A, and construct 
the angle which determines it. 



86 Demonstrative Mechanics. 

17. Three weights are suspended from the angular points of 
an equilateral triangle which is fixed in a vertical plane with one 
of its sides making an angle of 45^ with the horizon ; find the 
moment of the weights with respect to the centre of the triangle. 

18. Two imiform beams of equal transverse section are fixed 
together by the extremities, so as to make with each other a 
right angle, and suspended from their point of junction ; if one 
beam be twice as long as the other, find the position of equili- 
brium. 

19. il^ is a rod capable of turning freely about its extremity 
Af which is fixed; CD is another rod equal to 2AB, and attached 
at its middle point to the extremity B of the former, so as to 
turn freely about this point ; a given force P acts at C in the 
direction CA : find the force which must be applied at D in order 
to produce equilibrium, the angle between the rods being given. 

20. If a set of forces, acting at the angular points of a plane 
polygon, be represented in magnitude and direction by the sides 
taken in order, shew that their tendency to turn a body about an 
axis perpendicular to the plane of the polygon is the same through 
whatever point of the plane the axis passes. 



CHAPTER VII. 



ON MACHINES. 



1. Machines in equilibrium, 

ANT contrivance by means of which force is transmitted 
XV. from one point to another, or by means of which 
force is modified with respect to direction or intensity, is 
called a machine. We have already had a simple instance 
of a machine in the case of the lever. The oar of a boat, 
for example, is a machine ; here the force applied at one 
end of the oar is converted into a force of propulsion at 
the rowlock ; and in the same sense a poker, a crowbar, a 
pair of scissors, the human arm, may all be considered as 
machines. In this chapter we shall consider some other 
instances, and our purpose will be in each case to determine 
the conditions under which a certain force P, acting at 
one given point of a machine, will be in equilibrium with 
another force W, acting at another given point: P we 
shall usually call the power, and W the weight. Many 
machines are chiefly of practical use when they are in 
motion ; thus in the case of the steam-engine, the expansive 
force of steam is applied to put machinery in motion ; but 
all calculations connected with machines in motion belong 
to the science of Dynamics, not that of Statics, and we 
shall concern ourselves here only with examples of machines 
in equilibrium. 

We shall begin by explaining two or three methods by 
which the property of the Lever is rendered available for 
the purpose of weighing. 
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2. The Common Balance. 

Let ABhea rigid rod, CD a small rigid piece attadied 
to its middle point and perpendicalar to it, and let D be 
supported by a string or otherwise. E, F are two scales 
or pans of equal weight suspended by strings from A and 
B, Then it is evident that if A and B be equally loaded, 
the heam AB will be horizontal; D 

if not, the more heavily loaded | f 

scale will cause the extremity to 
which it is attached to prepon- 
derate. And thus by placing any 
given weight, as 1 lb. for instance, 
in the scale E^ and putting such a 
quantity of any given substance into the scale F as shall 
allow of the beam AB being horizontal, we can weigh out 
a pound of that substance. 

3. The preceding explanation represents the balance 
in its simplest form, and exhibits its principles: in practice 
many modifications and additional contrivances must be 
introduced; much skill has been expended upon the 
construction of balances, and great delicacy has been 
obtained. It would be beyond the scope of this book. to 
describe all the features in the construction of firstrate 
balances, by means of which a d^^ree of accuracy has been 
arrived at, which is truly wonderful : there are however 
two or three points to which it will be desirable to call at- 
tention. 

The beam should be suspended by means of a knife-edge, 
that is, a projecting metallic edge transverse to its length, 
which rests upon a plate of agate or other hard substance. 
The chains which support the scales should be suspended 
ft-om the extremities of the beam in the same manner. 

The point of support of the beam should be at equal 
distances from the points of suspension of the scales; and 
when the balance is not loaded the beam should be 
horizontal. 

To test the accuracy of a balance, first ascertain that 
the beam is horizontal when the balance is not loaded ; 
then place two weights in the scales such that the beam 
shall be horizontal; lastly, change these weights into 
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opposite scales, if the beam still remain horizontal the 
balance is a tnie one. 

The chief requisite of a good balance is what is termed 
9ensiJbUity ; that is to say, if two weights which are very 
nearly equal be placed in the scales, the beam should vary 
sensibly from its horizontal position. In order to produce 
this result two conditions should be satisfied; (1) the point 
of support of the beam and the points of suspension of the 
scales should be in the same straight line; the consequence 
of this will be that two equal weights in the scales will 
produce a resultant through the point of support, they 
will therefore have no effect whatever in twisting the beam, 
and the deviation from horizontality will be the same for 
a given difference of Weights however great the weights 
thenu(elves may be; (2) the point of support should be very 
neat the centre of gravity of the beam^ and a little above 
it ; the nearer these two points are to each other the greater 
will be the sensibility, for the weight of the beam acting 
at its centre of gravity must be in eqiiilibrium with the 
small difference of the weights acting at one end of the 
beilEun, and this diffet'^ce of the weights will act at a greater 
mechaMcal advantage the nearer the centre of gravity of 
the beam is to the fulcrum. 

If the sensibility of a balance be very iB;i^t, the addition 
Of a small weight to either scale will cause the beam to 
dscillate, and sOme time ^1 elapse before it attains its 
position of equilibrium; on this account the beam is 
sometimes furnished with a pointer and a graduated arc of 
a circle; if the pointer oscillates through equal arcs on 
opposite sides of the point which corresponds to horizon- 
tality, we may be satisfied that the scales are equally loaded, 
without waiting to ascertain whether tbe beam will ulti- 
mately rest in a horizontal position. 

4. The Common Steelyard, 

The common balance requires a series of weights in order 
to render it practically useful, but there is another kind of 
weighing machine in which one and the same weight is made 
use of in all cases. This is the instrument known as the 
Roman or Common Steelyard. 

Let AF be a rigid bar moveable about a horizontal 
pivot at C; and from A let the Yre\^\i\» W ^\as^ ^^ ^khes^ 
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to measure be suspended. P is a given moyeable weighty 
which can be suspended from any point ^of the bar between 
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Cand P: and it is evident, from the principle of the lever, 
that the larger is W the further must the point of suspen- 
sion E be from C, in order that the steelyard may be 
horizontal Suppose then a certain weight suspended at 
A ; the point of suspension of P must be shifted until 
the steelyard is horizontal, and the bar is so graduated 
that by looking at the number which is nearest to ^ we 
can at once ascertain the weight of W, 

6. Pbop. To gradtmte the common Steelyard, 

Remove the weights P and W, and suppose that under 
these circumstances the arm CF of the steelyard pre- 
ponderates ; find, by trial, the point B, such that if P be 
suspended from B the steelyard will be horizontal; take 
OD=^GB<, then the moment of the weight of the steelyard 
about C is the same as that of P suspended from Z>. Now 
let W hang from A^ and P from any point E^ then for 
equilibrium we must have 

Wy^AC^Py^CD^Py.CE^PY.BE) 

W 
,', BE= —jj- . AC, 

Suppose that P= lib.; and make fF successively = lib., 
2lbs., 3lbs., &c., then the values of BE will be AC, 2AC, 
SAC..,y and these distances must be set off, measuring 
from B, and the points so determined marked 1 lb,, 2 lbs., 
3 lbs,, &c, 

6. The Danish Steelyard, 

Another form of this balance is that which is called the 
Danish Steelyard, in which the weight is fixed to the 
beam and the fulcrum is moveable. This is, for the greater 
number of purposes, not so convenient a construction as 
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the preceding; it is however not inconvenient for weighing 
small weights, when no great accuracy is required; letter- 
balances are sometimes made upon this principle. 

Prop. To graduate the Danish Steelyard. 
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Let B be the point on which the instrument would 
balance^ if no weight were suspended at A ; and when the 
weight W is suspended at A let G be the place of the 
fulcrum ; also let P be the entire weight of the instrument, 
which may be supposed to be collected at B, or which, in 
other words, will produce a downward pressure at B equal 
to P. Then for equilibrium we must have 

W7^AC=Py.BC=P{AB-AC)', 

p 
.'. A C= j^^p • ^^' 

Hence, making W= 1 lb., 2 lbs, 3 lbs. .. successively, we 
shall be able to mark upon the steelyard the corresponding 
positions of the fulcrum; and when the beam is thus 
graduated we shall be able to ascertain the weight of any 
given body suspended from A, by observing the mark of 
graduation which is nearest to the fulcrum. 

7. It will be seen that the distances between the suc- 
cessive marks of graduation on the common steelyard are 
equal, but on the Danish unequal. In fact, the distances 
of the successive marks of graduation from A, the ex- 
tremity of the beam which supports W, in the common 
steelyard form an arithmetical progression, in the Danish 
they form an harmoniccU. 

8. The Windlass, 

The principle of the lever may be conveniently applied 
for the purpose of lifting or sustaining great weights; this 
is done by means of a windlass or capstan. 

The windlass is used for such purposes as that of 
raising an anchor. It may be described «fi^ ^ %\x^\!ij^<s$^'- 
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drical beam, moveable about a horizontal axis, the extremi- 
ties being inserted into two strong upright pieces in which 




they are capable of turning freely. One end of a rope is 
coiled partially round the windlass, and to the other end 
is attached the anchor or the weight to be raised; a 
number of apertures are made in the windlass perpendi- 
cular to its axis, and in these are inserted short bars called 
handspikes; by means of these it is evident that the 
windlass may be made to revolve, and when by its revo- 
lution a handspike is brought inconveniently low it is 
taken out and reinserted in a more convenient place. The 
windlass in the figure is represented with fixed bars, 
instead of handspikes, which in some applications of the 
machine is a more convenient arrangement. 

9. 7%« Capstan. 

Some inconvenience arises from the necessity of changing 
the position of the handspikes; this is 
avoided in the capstan, the principle of 
which is the same as that of the windlass, 
but the axis is vertical, and a person may 
therefore by moving his own position 
cause the capstan to revolve without chang- 
ing the point of insertion of the handspike. 

10. In both the preceding cases the mechanical advan- 
tage g^ed depends of course upon the length of the 
handspike, which however is limited by considerations of 
practical convenience. The actual relation between the 
power and weight upon machines of this kind will be seen 
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in the investigation of these conditions for the machine 
known as 

The Wheel and Axle, 

This machine consists, in its simplest form, of two cylin- 
ders haying their axes coinci- 
dent; the two cylinders form- 
ing one rigid piece ; the larger 
is called the wheel, the smaller 
the axle. The cord by which 
the weight is suspended is fast- 
ened to the axle and coiled 
round it; the power may be 
supposed to act in like manner 
by means of a cord coiled 

round the wheel, as in the figure ; or the power may act 
by means of a handle, as in the case of the common well 
and bucket. 

11. To find the ratio ofTto W, when there is equili- 
brium upon the Wheel and Axle, 

Let AB, CD represent sections of the wheel and axle 
respectively, and their common 
centre ; P and W the power and 
weight, acting by means of strings 
at the circumference of the wheel 
and axle respectively. 

For simplicity's sake, P, W, 
and the arms at which they act, 
are in the figure represented in 
the same plane. 

From the common centre 
draw OA^ OD to the points at which the cords supporting 
P and W touch the circumferences of the wheel and axle 
respectively; these lines will be perpendicular to the 
directions in which P and W act : hence, by the principle 
of the lever, or, in other words, taking moments about 0, 

Py^AO^WxOD, 
P OD radius of axle 

• _ , I, 

W" AG ~ radius of wheel ' 

It is evident that the larger the radius of the wheel, 
the greater will be the mechanicai ^dN«Si\a%^^V^^ Nsb^^^ 
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smaller will be the power P necessary to support or to 
raise any given weight W, 

12. The Fully, 

The pully, in its simplest form, consists of a wheel, 
capable of turning about its axis, 
which may be either fixed or 
moyeable. A cord passes over 
a portion of the circumference; 
if the axis of the pully be fixed, 
the only effect of the pully is to 
change the direction of the force 
exerted by the cord, and in this 
case ho mechanical advantage is 
gained so far as the intensity of 
the force is concerned. Neverthe- 
less the contrivance may be very convenient; for example, 
if we wish to raise a heavy weight, we can frequently do 
so most conveniently by attaching to it a cord which passes 
over a fixed pully, as in the figure ; the eflfort, which must 
be exerted in this case to raise the weight, is the same 
as that which would be exerted to raise it without the 
intervention of the pully. 

But suppose we modify the preceding contrivance as 
follows. 

Let A he & fixed pully as before, round which a cord 
passes, and let this cord, 
instead of being made 
fast to the weight W, 
pass round a moveable 
pully B from which the 
weight depends, and then 
be made fast to a fixed 
point C. In this case, 
not only is the direction 
of the force changed, so 
that a person pulling 
downwards raises the 
weight, but also the force 
which he wilt have to 

exert will be equivalent 

to only half the weight raised; for instance, a weight of 
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1 lb. suspended at the power end of the cord will raise a 
weight of 2 lbs.; and we shall find that by yarious combi- 
nations of pullies still greater advantage can be gained; 
in fact, by a sufficiently complicated system of pullies we 
can make a giyen force support any weight however large. 
We shall investigate the relation of P to W in the case of 
the single moveable pully, and also in the case of several 
complicated systems; these systems may be multiplied to 
any extent, but the method of finding the relation of P to 
W will apply mutatis rmUandis to all. 

In practice the pullies are made of wood or metal, and 
are therefore heavy bodies, whose weight ought in strict- 
ness to be taken into account ; but for simplicity's sake we 
shall neglect the weight of the pullies, as for like reasons 
we shall that of the cord which passes round them. We 
shall also suppose the portions of cord to be parallel and 
vertical 

13. To find the ratio of the Power to the Weight in 
the single moveable PuUy, 

Let be the centre of the pully, which is supported by 
a cord passing under it and attached to a 
fixed point C at one- end, and stretched by Z 

the force P at the other. Suppose the weight P 
to be suspended from the centre 0, A 

Then the pully with its depending weight 

W is supported by two strings AP and 

BG\ the tension of the former is P, because 

by hypothesis the force P acts at the end of 

it; that is to say, the string AP exercises a A.I "' IB 

supporting force upon the pully equal to P. V / 

Now the string BG which acts upon the 
other side of the pully is similarly circum- 
stanced to AP, and must therefore exert an A 
equal supporting force upon the pully. -vvr 
Hence on the whole the pully is acted upon 
by two equal forces, each equal to P, upwards, and by the 
weight W downwards, and therefore we must have 

2P=PF, 

P 1 
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14. To find the ratio fiftAe Power to l/u Weight, in 
a rgttem of Puiliei, in vshich each pvUy hangt by a 
uparale itring. 

This Bjfltem is represented in the fignre, and is usnally 
spoken of as the Firtt System qf 
PuUiet. W 

By the property of the aii^e poUy 

the tenuon of the string which snp- 

W 

ports the lowest pully will be — . 

The tension of the string which snp- 

ports the lowest but one will be -^ ; 

and so oa. Let there be n pullies, n 
being any number ; then the tension 
of the string which supports the «* | 

pully will be — ; bnt this must bo W^ 

equal to P, since the tension of the string which supports 
the n" pully is produced by the force P ; 




■■P = T. 



W 2'" 



It will be seen, that in this system the mechanical ad- 
Tsntage gained increases Teiy rapidly with the number of 
pullies; thus if 

n=2, a weight of 1 lb. will support 4lbs. 

n=3 Slbs. 

n=4, leibs. 

and BO on. 

15. To find the ratio qf the Power to the Weight, in 
a effftem qf PuUiet, in which th« tame itring pattea round 
all the Pidliet. 

This system will be understood from the figure, and is 
known as the Second Syatem of PuUiet. 

There are two blocks, the lower one moveaU^ the 
upper one fixed, and each containing a number of pollios. 
The same string goes round all the pullies, and therefore 
the tension throughout will be the same, and equal to the 
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power P. Let n be the number of strings at 
the lowfr block, then the sum of their tensions 
will be nPf and we shall have 

nP= Wy or ^?i> = - . 

The mechanical advantage does not, in 
this system, increase so rapidly with the in- 
crease of the number of pullies as in the pre- 
vious system; but on many accounts it is 
practically more convenient, 

16. To find t/ie ratio of the Power to the 
Weighty in a system of Pullies, in which all 
the strings are attached to the weight. 

This system is represented in the lower figure, 
and is known as the Third System of Pullies. 
The tension of the string which supports P 
is P; that of the next string is 2P, by the 
property of the single pully; that of tho next 
is 2^Pj and so on. Let there be n strings, 
then the tension of the last is 2"-^P; and the 
sum of all the tensions is 

(l + 2 + 2"+... + 2--')P, or(2"-l)P. 
But the sum of all the tensions must be equal to W, since 
the strings support TV; 

.•.(2"-l)P=fr,or^ = 2.i-j. ^ ^ 

For instance, 
if w = 2, a weight of I lb. will support 3 lbs. 

w=3, 7lbs. 

w = 4, 15lbs. 

It will be seen that the gain of mechanical 
sulvantage in this system is nearly the same 
us in the first system of pullies. 

17. General Method of finding ths re- 
lation qfP to W in pullies. 

The principles upon which the relation 
of P to W has been determined in the 
preceding articles are (as has been already 
remarked) applicable to all systems of pullies, 
however complicated. A rule may be given, 
as follows, but its meaning wiU be bo%t oeeiCL 

0,8. 
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bj tqtplyiug it to examples. Begio at the Poaer-end of 
the sjBtem, theo the tension of the string which lyipportB 
P will be equal to P throughout: against] each of the 
parallel portions of this striiig write P ; now proceed to 
the next string, find what its tension is by obaerving how 
many strings, each having the tension P, produce it; write 

the expression for its tension against 

each parallel portion of it; and so "'^ ~ ~ ^^ ^ ~i 
with the next string. When the 
tension of each string of the system 
has been written down, it is easy to 
see how many of them support W, 
and by adding their tensions toge- 
ther we have the relation between 
P and W required. 

18. Exitmple. 

We wilUliuBtrftte thisbyarather 
complicated system, reproEenW in 
the figure. The P string occurs 
three times, and produces a tension 
3P in the next string; this again 
occurs three times, and therefore 
produces a tension S'i* or dP in 
the nest; and so on. If we haTo 
t^ree pullies, as in the figure, the 
result will be 




27P= W, 



P _ 1 



If more generally we take n pullies, we have 

3-p=rr; or— ,=-. 



19. The Inclimd Plane. 

By an inclined plane is meant a plane inclined to the 
plane of the horizon, and the angle which it makes with 
the plane of the horizon is called th« inclination of the 
plane. 

If.a weight be placed upon a horizontal plane it will 
rest m the position in which we place it, because the effect 
of a body's wei^t is in this case only to make it proas 
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against the plane, which returns the pressure; but if we 
place aVeight upon a smooth inclined plane, unless it be 
supported, it will slide down, for, in this case, the tendency 
which the body has to descend is not entirely checked by 
the plane. In practice, a body will remain at rest upon 
the surface of a plane of considerable inclination, but this 
arises from the fact that in practice all bodies are more or 
less roiigh^ and the roughness of the inclined plane will be 
sufficient to prevent a weight from sliding down it, if the 
inclination be not very great; we shall say something more 
upon this subject when we come to the general considera- 
tion of friction; at present we shall suppose that the 
inclined plane is perfectly smooth, that is, that it is in- 
capable of offering any resistance to the sliding of a body 
along its surface. 

The problem in the case of the inclined plane is this, 
to determine what force P, acting in a given direction, will 
support a given weight W^ resting upon a plane of given 
inclination. It may perhaps be asked, how this problem 
properly comes under the head of machines; but it will be 
seen by reference to our definition of a machine in Art. 1 
(p. 87), that the inclined plane is rightly so regarded, for it 
supplies us with the means of modif} ing the effects of a given 
force. Moreover, an example will shew that the inclined 
plane may be used as a means of assisting human strength, 
in the same manner as the lever or the pully: for let it be 
required to raise a cask of wine from a cellar, then we may 
either roll the cask to the side of the cellar, and extract 
it by means of a crane and pully, or we may lay down 
some planks at a moderate inclination and dra<^ up the 
cask upon them. 

20. The direction and magnitude of the pressure ex- 
erted hy a smooth plane upon a body which rests upon it. 

Before we proceed to find the relation oiPtoW upon 
the inclined plane, we must make an important remark 
respecting the pressure^exerted by a plane upon a body 
which rests upon it. If a particle rests upon a horizontal 
plane the forces which keep it at rest are two; viz. the 
weight of the particle downwards, and a certain pressure 
caused by the plane upwards, and these must b^ ^ojsa}^^ 
otherwise the particle could uot \)Q «l\. Tei^\»\\i^\\^^^^^'^^' 
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sideling the equilibrium of such a particle we may dismi88 
all thought of the plane, and say that the particle is kept at 
rest by its ovm weight W acting vertically downwards, and 
a pressure W acting vertically upwards. Now let us con- 
sider what will be the mechanical effect of a smooth plane, 
which is not horizontal, upon a particle made to rest upon 
it. Its effect will be to produce a pressure upon the par- 
ticle; and there will be two questions, what will be the 
direction of this pressure, and what will be its magnitude ? 

(1) For the direction, we can at once conclude that 
the pressure must be perpendicular to the plane ; because 
the plane is by hypothesis smooth, and by the term smooth 
we mean that it is incapable of offering any resistance to 
the motion of a particle along its r 
surface. To make this more clear, 
suppose the pressure exerted by the 
plane to be in any direction what- 
ever: then since a force may always 

be resolved into two at right angles to each other, let this 
pressure be resolved into two, one perpendicular to the 
plane, which call R, and one parallel to the plane, which 
call R: now the force JB, bei ug equally inclined to the 
plane in all directions, will have no tendency to move or 
resist the motion of the particle in any, while the force R^ 
will manifestly tend to make the particle move along the 
surface of the plane in the direction towards which it 
tends; but this is contrary to the definition of a smx>oth 
plane, therefore i2'=0; and hence the only force exerted 
by the plane is a force R in the direction perpendicular to 
it. But 

(2) What will be the magnitude of R 1 This we have 
not sufficient data to determine ; it will vary in different 
cases, and we cannot determine it until we have all the cir- 
cumstances given. 

Hence, in any given problem, we may consider the 
effect of a smooth plane to be this, to produce a force or 
pressure upon a particle in contact with ity in the direction 
perpendicular to it, but of unknown magnitude^ and 
which we must thertfore denote by a symbol for an 
unknown quantity such a« R, 

This being premised, we proceed 
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21. To find the ratio of the Power to the Weight, 
when there is equilibrium on a smooth Inclined Plane. 

Let a be the inclination of the inclined plane to the 
horizon ; R the pressure of the plane p 

on the weight JV, which pressure will 
be perpendicular to the plane; and^ 
to take the most general case, let tlie 
direction of the power P make an 
angle € with the plane. ^^\ 

Then resolving the forces parallel and perpendicular to 
the plane, we have 

Pcos€— ^sin 0=0 (1), • 

JB+Psine- ^cos a=o (2). 

Hence, -tjv = , from (1). 

' Jr cose' ^ ^ 

Equation (2) gives us the pressure upon the plane ; 
thus 

jB= Wcos a—P sin e, 

= JF COS a— Jv . sm c, 

cos € ' 

W 
= (cos a cos f — sin a sin c), 

COS 6^ 

„^COs (a + 6) 

= vr . 

cose 

There are two particular cases, which are worthy of 
notice. 

(1) Suppose the power acts parallel to the plane, then 
the equations become 

P-^sina = 0, 

R- fFco3a=0; 

P . .R 

:. -Tj>= sm a, and tx>= cos a. 
WW 

If we regard the inclined plane as the hypothenuse of 
a right-angled triangle, having its two sides respectively 
horizontal and vertical, and if we take the h^i2QtheiGi»&^ 
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to represent the magnitude of W^ then these results shew 
that the vertical side represents P, and the horizontal 
side represents R, This truth is exhibited to the eye, with 
much simplicity and beauty, by the apparatus of Professor 
Willis, referred to in the note on page 12. 

It will easily appear that if we have a double inclined 
plane, that is, such a plane as would be represented by an 
obtuse-angled triangle having its base horizontal, and if we 
place upon the two sides two weights connected by a string 
passing over the vertex, then in order that there may be 
equilibrium the weights must be proportional to the 
lengths of the sides upon which they respectively rest. 
This property of the inclined plane was demonstrated by 
Stevinus of Bruges, who died in 1633, and was made by 
him the foundation of the theory of forces. The demon- 
stration will be given at the end of this chapter. 

(2) Suppose the power acts horizontally; then the 
equations will be, jg^ 

P cos a— W sin a = 0, 
JB-Psin a- J^cos a = 0; 
P ^ 

and B=Jrcoaa'\-Jr = W = . 

cos a cos a COS a 

It may be remarked that these results may be deduced 
from those of the general case by making 

€ = and 6 = — a. 

22. Another solution of the problem of th^ smooth 
inclined plane. 

For the sake of illustration we will solve the problem 
of the inclined plane in another way. 

Let a, 6, B represent the same quantities as before. 
Let A be the point of the plane at u i^ 

which the weight rests; draw AC 
vertical, and from G draw GB in 
a direction perpendicular to the ^<'y^ 

inclined plane, to meet the line of .-^"'^'^C YW 

P*s action in B, Then the sides 
of the triangle ABC, being paral- 





lel to the directions of the forces P, R, W, mny be token 
to represent these forces (Art 6, p. 68). Hence 



Theae are the same resntts 



'C0S(a+t)' 

a those already obtained. 




23. The Screw. 

The last machiue which we shall consider is the 
Screw. This machine in combination with the lever is of 
great practical utility,as, for instance, in thecaseof abook- 
binder's press, in which a considerable presBure is required, 
and ma; be bj this moans produced 
with great facility ; and there are 
numberlosa other examples. 

The Screw may be described as 
an inclined plane wrapped round a 
cylinder, or as a cylinder baring on 
its surface a projecting thread in all 
parts at the same given angle to the 
horizon: talie any solid body of a 
cyJindrlcal form, as, for instance, a 
niler, a pencil ; take a piece of paper ABV in the form of 
a right-angled triangle, having pjg. i. 
the right angle at C; place SO 
upon the cylinder, bo as to tie ' 
parallel to its axis, and wrap I 
the paper closely upon the cylio- i 
der, then the hypotheniise AB i 
will mark ont the thread of i 
a screw. The form of the thread 
is different in different cases; 
it may be such as in fig. 1., or ' 
such as in fig II. ; but this is a matter mto which we shall 
not enter, and we shall consider the thread only as the 
mirfkoe of an inclined pUne wnLi^ped. twuA » (qNs^sst %it 
before dcBcribed, 
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The screw is applied as follows: the cylinder bearing 
the thread fits into, a block — sometimes called the ntU — 
pierced with an equal cyhndrical aperture, upon the inner 
surface of which is cut a groove, the exact counterpart of 
the thread of the screw ; hence the screw can only be made 
to move in the block by revolving about its axis. Suppose 
the axis of the screw to be vertical, and a weight Wto he 
placed upon it, then the screw would descend, unless pre- 
vented from doing so by another force; ^his force we mUl 
suppose to be supplied by the power P acting in a horizon- 
tal direction, at the extremity of an arm of given length. 
In practice there must necessarily be considerable friction 
between the thread and the groove, but this we shall not 
consider, because it would complicate the problem. 

24. P»op. To find the ratio qf tJie Power to the 
Weight in the Screw, 

Let the power P act at an arm a, and let r be the 
radius of the cylinder, a the in- 
clination of the thread to the hori- 
zon or pitch of the screw. 

Then the screw is kept at rest 
by the weight W^ the. power P 
acting at the .arm a, and the pres- 
sures of the nut on the thread of 
the screw. These pressures act 
at each point, if there be no fric- 
tion, in directions perpendicular to 
the surface of the thread at that 
point ; their directions vary from 
point to point, but their inclination 
to the vertical is always the same, 
being equal to a, the pitch of the 
screw. 

Eesolve, now, each of the forces which keep the screw 
in equilibrium in two du*ections at right angles to each 
other, one being vertical; the vertical components form a 
system which are themselves in equilibrium; for if not they 
would have a resultant; but the resultant could not be 
balanced by the horizontal forces. 

The power, being horizontal, does not form part of this 
system, wliich consists only of the weight W and all the 
pressures. 
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Let R be the pressure at any point ; its yertical com- 
ponent is R cos a : tiius for the equilibrium of the vertical 
components, the wei^t must be equal to the sum of the 
vertical components m all the pressures ; or 

?F=2(^cosa) 

= cos o X 2i2. 

Again, let r^ be the distance from the axis at which R 
acts: then, for the equilibrium of the horizontal compo- 
n^its we have, taking moments about the axis, 

Pa=2(i?sinaxO 
=sinox2(JBrO. 

Now let us assume that the distance r^ at which the 
pressures act are the same throughout the screw : then 

Pa =r' sin ax 2/2 

IV 



= r' sin a X 



cos a 

P r'. 

.*. Trh ^^ ~~ tan a. 
kr a 

If the thread of the screw be very narrow compared with 
the radius r of the cylinder, our assumption is approxi- 
mately correct, each of the distances r^ being nearly equal 
to r ; in this case the relation between P and W becomes 

P r. 
Vi^= — tana, 
W a 

We may put this result in a more convenient form 
thus: 

P _ 27rr tan a 
W 2na ' 

the vertical distance between two threads 



circumference of circle described by P 



♦ 



* It appears from this result that the power of the screw depends caterit 
paribus upon the fineness of its thread ; but if the thread bo made too fine 
there is danger of fracture. This difficulty is overcome in a very ingenious 
manner by a machine Icnown as Hunter's Screw. 

AB is a screw wliich passing through a block Toac^ \>« -^oiftoi^ \ii^ «> Vs>«sst \&. 
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25. Toothed wheels. 

In this chapter on Machines I have omitted the con- 
sideration of toothed wheels; I have^jLlone so because they 
involve no distinct mechanical principle, and, as being 
chiefly useful for the trandmission and modification of 
motion in machinery, belong rather to the subject of 
Mechanism than to that of Mechanics, 

In order to understand the construction of toothed 
wheels let ^^(7, ^'^r 
be two wheels, lying in 
the same plane, turning 
about centres O, (7, 
and being in contact at 
A, And suppose that 
the friction between the 
surfaces of these two C^ 

wheels is so great that they cannot slide one upon the 
other; then if we turn the wheel BAG in the direction of 
the arrow marked upon it, it is evident that the wheel 
BAG must also turn, but in the opposite direction, that 





the usual manner; but instead of 
pressing immediately upon the 
board EFy tlie screw AB acts upon 
another screw CD which enters the 
former by means of an interior 
thread cut to fit it. The screw AB 
is slightly coarser than tlie screw 
CD, so that when AB descends 
through a given space, CD ascends 
through a space not qtdte so great, 
and the board EF is pressed 
through a space equal to the dif- 
ference of the spaces respectively 
passed through by the two screws. 
It is not difficult to see, that as in 
the common screw the mechanical 
advantage depends upon the dis- 
tance between the threads, so in 
this compound screw the me- 
chanical advantage will depend 
upon the difference of these dis- 
tances for the two component 
screws. 

Hence by means of two coarse screws adapted to each other as above ex- 
plained, we can produce the effect of one fine screw. The same principle may 
be applied by cutting two screws upon the same cylinder, and passing these 
through two nuts or blocks, which are capable of approaching each oilier, 
but are not allowed to revolve. 
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is, in the direction indicated in the figure by the arrow 
upon BAG\ Thus the motion of BAG produces motion 
in BAO\ and BAC may in like manner be made to drive 
another wheel, and so on. Moreover, it is easy to see that 
if the magnitude of BAC he given, and the wheel be made 
to turn at a given rate, the wheel BAG will turn more 
slowly or more rapidly than BAG in exact proportion as its 
circumference (or its diameter) is greater or less than that 
of BAG, For instance, suppose the diameter of BAG 
to be two feet, and that of BAG' to be one foot ; then if 
BAG be made to turn 30 times in a minute, BAG' will 
turn 60 times, and so on. Hence wheels connected as here 
described may be made both to transmit and also to modify 
motion. 

But practically it is not possible to construct wheels, 
the surfaces of which 
shall drive accurately fC, 
by means of friction |{^ 
only ; hence the device ^ 
of teeth^ that is of al- 
ternate projections and 
hollows upon the sur- 
face of the wheels. 
The figure will shew 
at once, after what has been said, the action of the teeth. 
Mechanically speaking, a train of wheel-work is only, a 
succession of levers ; and if the number and magnitude 
of the wheels be given, there is no difficulty whatever in 
determining the power P, which, acting at the circum- 
ference of one extreme wheel of the train, will be in equi- 
librium with' the weight W acting upon the other extreme 
wheel. 

26. Example illustrating statical principles. 

In addition to the simple machines considered in this 
chapter there are many others, contrived for a variety 
of purposes, as weighing, raising weights, &c. We will 
illustrate the statical principles already explained by apply- 
ing them to a weighing machine of somewhat complicated 
character. 

A platform AB, upon which the body which we wish to 
weigh is placed, is supported at one end of t\i<^ \|\&<ift BC 
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which is connected (as shewn in Hie figure) with 2>, so that 
ABCD is one rigid piece. AB rests at fupon a lever FG, 
(concerning which more presentl;,) and at the other eztrem- 
it; it is supported bj means of a rod HK coDoected with 
the piece D. The lever FG^ which haa F for its fulcrum, is 
also supported by a rod GL ; and both HK, and OL, are 
finally supported b; a lever LKMN, which having M for 
its fulcrum, carries at its other e^tremit; a scale in which is 
placed the weight P which is to bu id equilibriam with W. 




This is a general description of the machine in qnestioo ; 
now let us reduce it to its simplest statical form 

The figure below represents the statical problem ; the 
letters in it correspond to those in the preceding descrip- 
tion ; and it will be seen that the machine consists essenti^lj 
of three portions ; the platform ABCD, the lever FG, and 
the lever LKMN; the two rods GL, DK only sene to 
connect these parts. Let us consider the forces to which 
they are severally subject. 



(I) The pktform ABCD is acted upon by the dovra- 
ward prewure of the weight W, and by Wo upward 
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pressures at the two points of support, which (as we do not 
know their values) we will denote by R and P' respectively. 

(2) The lever FG is acted upon by a downward force 
at E, which must be equal and opposite to R^ and by an 
upward force at (r, which we will denote by P". There is, 
of course, besides these two forces, the pressure upon the 
fulcrum, which it will not be necessary for us to consider. 

(3) The lever LKMN is acted upon at one extremity 
by the force P, and on the other side of the fulcrum there 
are two pressures at the point of support of the rods DK^ 
GL^ which nmst be equal to P' and P" respectively. 

We can now write down the equations of equilibrium 
for the machine. 

For the platform A BCD we must have, for the equili- 
brium of the vertical forces, 

W^R + F (a). 

For the lever FG, taking moments about the fulcrum F, 
R,FE=P'\FG 08). 

For the lever LKMN, taking moments about the ful- 
crum M, 

P.MN=P' ,MK^P'\ML (y). 

If between (a) and (j3) we eliminate the unknown quan- 
tity R^ we have 

W.FE=P\FE^P'\ FG (S). 

We have now reduced the problem to the two equations 
(y) and (5), which involve two unknown forces P' and P'' ; 
and a little consideration will convince us that we have not 
omitted any equation essential to the solution of the problem. 
Hence in its present form the problem is indeterminate; 
but there is a peculiarity in the construction, which has been 
omitted hitherto, and in virtue of which the indeterminate- 
ness of the problem disappears. The machine is so arranged 
that the following proportion holds amongst the lengths of 
the arms of the levers, 

FE : FG :: MK : ML. • 

If we introduce this condition into equations (y) and (d), 
we have 

P MN ML FG 

MK -^^^ MK" ^ ij'li~^^ 
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P MK 
' W~ MN' 

This is the required relation between P and W, We 
now see the advantage of the machine: suppose, for 

P 1 

instance, that MN= 10 x iOT, then -jp- = T7; > or a weight 

of 10 lbs. put into the P scale will serve to weigh 100 lbs. 
placed upon the platform. Machines upon this and similar 
constructions are frequent at railway stations, and are very 
convenient for weighing heavy goods. 

It will be seen from the investigation, that it is indif- 
ferent at what point or poiuts of the platform the pressure 
W takes place. 

27. RdbervaVs balance. 

Another machine worthy of notice is the balance so 
extensively used in retail trades, and which is known as 
RobervaJ^s balance. The construction of this balance, viewing 
it merely in its mechanical principles, may be described thus. 

ABC is a firm vertical stand resting upon a fixed hori- 
zontal base ; DE, 
FG are two equal 
bars working about 
pivots similarly situ- 
ated with respect to 
their lengths, at L 
mdiM;DFH,EGK 
jire two T-shaped 
pieces connected 
with the bars DE, 
FG, as in the figure, 
by pivots; the con- 
sequence of which is, that if the system be made to assume 
different positions, DF, EG \vill always be vertical. Now 
suppose two weights P and W suspended from K and H 
respectively ; then in order to investigate the relation of P 
to W^ we might consider, as in the case of the weighing 
machine last described, the equilibrium of the separate 
members of the balance successively ; but, without doing so, 
the result may perhaps be rendered intelligible by general 
reasoning. Consider the weight FF; it is supported ly the 
jpiece DFHj which again is supported at i>and F\ now the 
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effect of this must be to produce two vertical pressures at 
D and F which shall together be equal to W\ it does not 
signify to our purpose how much one point bears and how 
much the other, nor what horizontal pressure there may be 
at either, (since whatever horizontal pressure there may be 
at one of them, there must be an equal and opposite hori- 
zontal pressure at the other,) the pressure must on the 
whole be W, or we may say that there is a pressure W in 
the direction of the rod DF, so that, as far as the equili- 
brium of the hiiY,DE is concerned, we may regard W as 
suspended from D ; and in like manner we may regard P 
as suspended from E, Consequently the condition of equi- 
librium will be 

P _jDL 
W~ EL' 

Or if the arms DL, EL be equal, then we must have 
P=W. It is to be noticed that the ratio of P to W is 
quite independent of the distance of either from the central 
axis of support ; a circumstance which gives this balance 
great practical advantages. 

28. StevinVjiB 'property of the inclined plane. 

We vnll conclude this chapter by giving the proof of 
the property of the inclined plane by Stevinus, to which 
reference was made in p. 1 02. The proof shall be given pre- 
cisely as he gives it himself in his treatise on Statics. In 
the first book of this treatise he considers the theory of 
direct and oblique weights ; the fundamental proposition of 
the theory of the former is the doctrine of the lever, demon- 
strated after the manner of Archimedes''^ ; having solved a 
variety of problems involving the principle of the lever, he 
says, ** Hitherto have been declared the properties of direct 
weights ; here follow the properties and qualities of oblique, 
the general foundation of which is contained in the follow- 
ing theorem." 

Theorem. If a triangle have its plan e perpen dicular, 
and its base parallel, to the horizon; and upon the two 
sides be placed two equal spherical weights; as the riglU 
side of the triangle is to the Iq/t, so will be the power o/' the 
^ft hand weight to th/it of the right, 

* That is, as in page 83 of this Tt«aiAA&^ 
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Let ABC be a triangle having its plane perpendicular 
to the horizon, and its base AG parallel to the same: and 
upon the side AB (which is double of BC\ let there be 
placed a globe D, and upon DC another, E, equal to the 
former in weight and magnitude. 

It is required to prove, that as AB : BG, i,e. as 2:1, 
so is the power of the weight E to that of D. 

Let there be arranged round the triangle 14 globes, 
equal in weight and magnitude, and equidistant, strung upon 
a line passing through their centres, in such a manner that 
they may be able to turn about the said centres, and that 




there may be two globes upon the side BG, and four upon 
the side AB ; then as one line is to- the other, so is the 
number of globes to the number of globes. Also at S, Ty V 
let there be three fixed points, upon which the line or thread 
may be able to run, and let the two portions above the 
triangle be parallel to the sides AB^ BG ; so that the 
whole may be able to turn freely and without catching upon 
the said sides ABy BG, 



DEMONSTRATION. 

If the power of the weights />, iZ, Q, P, be not equal to 
that of the two globes, E, F, the one side will be more 
powerful than the other ; let (if possible) the four D, Ry Q, P 
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be more powerful than the two B, F\ but the four 0, N, 
M^ L are equal in effect to the four G^ HyI,K\ wherefore 
the eight globes />, B, Q, P, O, Ny Jf, Z, will bp more 
powerful than the six, E, F, G, H, I, K\ and since the 
stronger power must prevail over the weaker, the eight 
globes will descend, and the six will rise. Let this be so, 
and let D arrive at the place which is at present occupied 
by O, and so of the rest ; thus E, F, G, H will assume the 
places occupied by P, Q, R^ /), and /, K those occupied by 
Ey F\ notwithstanding the change therefore, the globes will 
have the same disposition as before, and for the same reason 
the eight globes will descend in virtue of their superior 
gravity, and in descending will cause eight others to take 
their places, and so the motion will be perpetual ; which is 
absurd. And the like demonstration will hold for the other 
side: the set of globes />, R^ Q, P, O, N, Jf, L will there- 
fore be in equilibrium with E, F, G, jBT, /, K, Now take 
away from the two sides those weights which are equal and 
similarly situated, as are the four globes O, JV, M, L on the 
one side, and the four G, H, /, K on the other ; the remain- 
ing four />, R, Q, P will be, and will continue to be, in 
equilibrium with the two E^ F : wherefore E will have a 
power twice as great as that of /> ; as therefore the side 
AB to the side BG^ or as 2 : 1, so is the power of -i^ to the 
power of D. Therefore, If a triangle, &c. q. e. d. 

Such is Stevinus's demonstration; from it he deduces 
the doctrine of the inclined plane in its most general form, 
that is in fact the laws of oblique forces. We shall not 
follo.w him any further ; but the fundamental proposition 
just given is interesting from its ingenuity, and because it 
was the first independent proof of the laws of oblique 
forces. 



EXAMINATION UPON CHAPTER VII. 

1. The arms of a false balance are respectively 1 foot, and 
1'05 in length ; what will be the apparent value of 100 lbs. of tea, 
weighed out with such a balance (the tea being suspended from 
the longer arm), if the shopkeeper undertake to sell his tea at iz. 
per pound? 

Q,8.' ^ 
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2. If vhen a baUnoe is mifl|>ended the beam be not boriiantait; 
prove that if the want of horizontality arige from an inequalitj 
in the weight of the scale-paoB, the balance may be corrected by 
putting Ik weight into the lighter of the two, but that if it arise 
from a difference of length of the arms the balance cannot be so 
corrected. 

8. Shew how to graduate the common steelyard. 

4. Shew how to graduate the Danish steelyard, in wbiok tl(e 
fulcrum is moveable. 

5. Find the rdaticMi of P to PT in the single moveable pid^. 

6. In the first system of pullies. 

7. In the second. 

8. In the third. 

9. Find the relation of P to TT op the inclined plaiM. 

10. In the screw. 

11. What force is necessary to support a weight of 50 lbs. 
upon a plane inclined at an angle of 30^ to the horizon, the fbrce 
acting horizontally T 

12. What force is necessary in the preceding problem, if the 
fcMTce act vertically? 

18. When a given WMght is sustained upon a given ineli&ed 
plane by a force in a given direction, find the pressure upon the 
plane. 

14. Given the weight, and the magnitude and direction of 
tlie sustaining force, find the inclination of the plane. 

15. On aik inclined plane the pressure, force, and weight, 
are as the numbers 4, 5, 7 ; find the inclination of the plane to 
the horizon, and the direction uf the force. 

16. What weight is that, which it would require the same 
exertion to lift as to sustain a weight of 4 lbs. upon a plane in- 
clined at an angle of 30^ to the horizon \ 

17. A weight W is sustained upon an inclined plane by a 
force Py acting by means of a wheel and axle, plaiced at the top, 
in such manoer that the string attached to the weight is parallel 
to the plane. Given R and r the radii of the wheel and axle, 
find the inclination of the plane. 

18. Two weights sustain each other upon two opposite 
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inclined planes, by means of a string which is parallel to the 
planes; compare the pressures on the planes. 

19. What force must Be exerted to sustain a ton weight on 
a screw, the thread of which makes 100 turns in the course of 12 
inches, and which is acted upon by an arm 4 feet long? 

20. Find the inclination to the horizon of the thread of a 
screw, which with a force of 5 lbs. acting at an arm of 2 feet, 
can support a weight of 300 lbs. on a cylinder of 2 inches radius. 

If the length of the cylinder be 4 feet» find the entire length 
of the thread of the screw. 
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APPENDIX TO CHAPTER VII. 

ON THE PBINCIPLE OF VIBTUAL VELOCITIES. 



1. Virtual Velocities, 

THE conditions of equilibrium of a system of particles, or a 
system of bodies, under the action of any forces, may be 
expressed in a very remarkable manner by means of a principle 
known as that of Virtual Velocities. This principle we shall 
here enunciate, and apply it to several cases of equilibrium; it 
is introduced here, because its chief interest to Uie reader of 
such an elementary treatise as this consists in the new view 
which it give? of the conditions of equilibrium of the various 
machines. 

2. D^nition of Virtual Velocity, 

Def. If we suppose a point at which any force acts to 
be very slightly displaced, and from the new position of the point 
a perpendicular to be dropped upon the direction of the force, 
then the line intercepted between the foot of this perpendicular 
and the original position of the point is called the Virtual Velocity 
of the point of application of the force, or sometimes more briefly 
the virtual velocity of the force. 

Thus let be the point at q/ 

which the force P acts, and "^ 




suppose it to be slightly displaced -^- =^r— ^• 

so as to be brought into the ^ ^ r 

position O ; from (/ draw the perpendicular ON on OP, then ON 
is the Virtual Velocity of P, 

If the displacement of is such that N falls between O and 
P, that is, if the virtual velocity is in the direction of the force, 
it is reckoned positive ; if in the opposite direction, or iV on the 
other side of 0, it is reckoned negative. 
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3. The Virtual Velocity of one point of a rigid body will 
generally determine that of the others. 

It will appear from what has been said that the virtual 
velocity of a force is to a considerable extent an arbitrary quantity; 
and Buch is the fact, but it will be observed that when we have 
several forces acting at different points of a rigid body, the 
displacement of one point will in general determine the dis* 
placements of the others. For example, suppose we have two 
forces acting on the arms of a lever, then if we raise one extremity 
of the lever through a small space, the other extremity is neces- 
sarily depressed through a space, the magnitude of which can be 
assigned. 

4 If the displacement is made in the direction of the force^ 
the whole displacement becomes, according to our definition, the 
virtual velocity, and if in a direction perpendicular to that of the 
force, the virtual velocity is zero. And in general we may regard 
the virtual velocity as the space through which the point of 
application is moved in the direction of the force. It will be seen 
also, since the ratio of an arc to its sine is ultimately one of 
equality, that when a force is acting perpendicularly to an arm of 
a lever, and the arm is made to turn through a very small angle, 
the small arc of a circle described by the point of application 
may be taken as the virtual velocity of the force. 

• 

6. Meaning of the word Virtual aa applied to Virtual Velo* 
cities. 

Hence we shall s^ something of the meaning of the term 
Virtual Velocjty ; for suppose we have any number of forces acting 
at different points, and that in consequence of an arbitrary motion 
of one of the points in the direction of the corresponding force 
through a very small space a, the other points of the system mov^ 
in the directions of their respective forces through the spaces )3, 7, 
&c.; then since these points move contemporaneously through the 
■paces a, )3, 7..., these spaces measure the rate at which they . 
respectively move; for example, suppose /3=2a, 7=80, &c., then 
the points must have moved at rates, or with velocities, which 
are in the ratio of 1, 2, 3, &o. ; but these velopities are not real, 
since the parts of the system do. not move in consequence of the 
forces which act upon them; if they did move, the question 
would be Dynamical, not Statical; hence the small spaces of 
which we have been speaking are called Virtual Velocities. And 
the student cannot too carefully bear in mind, that the motion 
which would seem to be implied by the term velocity ia «.V^^<%!C{^«t 
of a geome^oat phancter^ that is, >t la no^ ^^« V^ ^^ iQt5i»k ^\ 
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the syBteiD, but is only a diaplacemdnt BuppoBed to be ftrbitrftrily 
produced, without any reference to the nature of thfe fbrceft 
neoessary to produce It. 

6. The general principle of Virtual Velocitiee enuneiaUd, 

Having expkuned what is meant by tirtaal Ydecity, we 
shall be able to prove seveml propositions, which form par^cnlar 
eases of a vexy general principle known as that of Virtual 
Velocities, the proof of which we cannot giv« here, but of ynbkk. 
it may be well to give the enuncia'don. 

When a eystetn of bodies is in equilibrium under ihe aetian of 
any forces, then if the system he very slightly displcuxd, the sum of 
the products of t&s forces amd their respective virikuil velocities will 
be equal to zero. 

All that we shall do will be to prove this principle In those 
cases of equilibrium, which have been already considcored, assum- 
ing the results which have been obtained. 

7. To prove the prvneiple ef virtual v^ocUies in the omse cfa 
iingU particle, acted upon by any systmn of forces in the same plmt, 

liet be the particle, P 
any one of the forces^ which 
makes an angle' ^ with a line 
OX drawn through 0. Lei 
the particle be displaced to 0\ 
and from (/ draw O'iV per- 
pendicular to OP, and let ON 
=Pi also draw O'm perpen- 
dicular to OX, and let Om=x, 
0^m=y; then it is easy to see, 
by drawing mn perpendicular 
to OP, and O^r perpendicular 
to mn, that 

i>«On+OV»fl[; COS ^-f 3f sin ^. 

tSfanflaily, If pf, p",., be the virtual velocities of fbices J*; 
P*... acting at angles B\ $^.., with the line OX, we shall httVe 

|)'=aJcos^+ysin ^, 

2)"»» cos ^'+y sin S\ 

fto. = &c. 

.-. Pa) + P'l)' + P'y'+... =05 (P OOS e-hP' 008 ^ + P" eo8 ^+ ... 

i^y (Pain ^H.P' sUif'+F' ^r^...W<H 




of PtVfwtl Viloc^iea. 
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by tbe generitl oonditions df equiSbrium efTtablislied in Art. 10, 
|>age 62 ; which proves the principle of yiHuld velocities in this case. 

8. To prwt the principle of virtual velociHea in the case of the 
juever» 



A m» 




(1) Suppose the lever to be a straight lever J B, having arms 
AO^Of BO=b^ and to be acted updn by fcMNses P attd ^ perpen- 
dicular to the arms. 

Let the lever be turned through a flmall angle about its ful- 
crum, so that the points A, B are brought into the positions A\ 
£f, respectively ; from A\ &., draw A'm, J^n perpendicular to the 
directions of the forces, and A'm', Bfrdy perpendiculars upon tbe 
lever. Then Am^ Bn, or jiW, Jfn' are th« virtual velocities 
of P and Q. 

Now we have Men, Art. 2, page 76, ^Itt 

P. a=Q, h; 
but by similar triangles A^Om\ SOn\ 



ilW 

- 

a 



B'ri 



A p . 4W^<2 . tew. 

Henoe, not having regard to sign, we may say that 
PxP^B vbtual Velodty = Q x Q*s virtual velocity. 

Or if we denote J 'm' by ji, v^B'n'hj -g (see Art 2), we 
shall have 

which coincides with the general enunciation of the principle of 
virtual velocities given in Art. 0. 

(2) Suppose the forces P and (2 to act at a^y angles a and 
/3 with tlie lever iiO^. 
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Let the lever be turned through a smaU angle as before, and 
call the angle 6. From A', B' the new positions of A and B draw 




A 'm, B'n perpendicular to the directions of the forces ; then if 6 
be indefinitely small, Am, Bn will be the Tirtual velocities of P 
andQ.. Join 4^1', -B^. 

Thenilm=iiii'cos A' Am 



o • ^ 
= 2a sm ~ cos 

if 



= 2a sm - sm 
if 



Am 
Bn 



b sin 



(.-90»+-9, 
/^sincei4'i4O=900-|V 

similarly it will be found that ^n= 25 sin - sin ( i^ ~ s } » 

osm^o+l) 

If we make ^ indefinitely small, we shall have sin ( a + - ) 

indefinitely nearly equal to sin o, and sin ( /3 -^ j to sin p, 

, . , - P's virtual velocity _ a sin a 
Q's "6sin/3* 

But we know, from Art. 2, page 70, that 

P ^ ft sin /3 
Q a sin a ' 

/. P X P'a virtual velocity = Q x Q's virtual velocity. 
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or, having regard to the Bigns of the virtual velocities, and calling 
them j> and - $, 

as before. 



This last demonstration is applicable to the case of any rigid 
body acted upon by two forces in the same plane, and having one 
point fixed ; for through the fixed point we may draw a straight 
line intersecting the directions of the forces, and the points of 
intersection we may regard as the points of application of the 
forces. Hence in this general case the principle of virtual velod- 
ties is true. 

9. The Whed and Axle. 

The condition of equilibrium being precisely the same as for 
the straight lever acted upon by two forces perpendicular to its 
arms, the demonstration will be the same as in that case. 

10, The Pully. 

In applying the principle of virtual velocities to pullies, we 
suppose the weight TT to be raised through a small space, which 
snisdl spacQ Will be it« virtual velocity, and the corresponding 
space through which the point of application of P must be moved 
in order to keep the string stretched will be the virtual velocity 
of P. 

(1) The tingle moveable PuUy. 

If in the figure, page 95, Art. 13, we suppose W raised 
through a small space a, the string on either side of the pully 
will be shortened by the same quantity ; consequently the point 
of application of P must be raised through 2a, which will be P*a 
virtual velocity. 

But 2P=W; 

.-. Px2a=Trxa, 
or P X P's virtual velocity = Wx Ws virtual velocity. 

(2) The first system of Pullies. 

In the figure of page 96', Art. 14, let W be raised through a 
small space a, then the lowest pully rises through a space a, the 
second (reclconing from the lowest) through a space 2a, the third 
through 2 x 2a or 2^a, and so on ; hence the n^ pully will rise 
through a space 2**~^a, and the space through which P will descend 
willbe2«a. 

But Px2^=W; 

.-. Px2«o=TFX(i, 

or P X P's virtual velocity = TF X Wb "vit\."VM\ ^ A«i\V3 , 
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(8) J^ second tysUm 0/ PuUies, 

In the. figure of page 97, Art. 15^ let'TT be iiused through a 
small space a ; then if there be n strings between the two Uooks, 
each of these will be shortened by a quantity a, consequent^ P 
will descend through a space na. 

But Pxn^W; 

.', Pxna^W xut 

Or P X /*'s virtual velocity ^Wx Wa virtual velodly. 

(4) The third system of PuJUes, 

In the figure of page 97, Art. 16, M IT be lUifled throalfh a 
small space a ; t^ken thj second pully {reokmimgfrom tlie liighest) 
will desoend ihriNigh a tpaoe a, «tid tfaerefoft the thifd p«lly wiH 
descend through 2<i; but in oonssquetace of the iMiijg of IF, the 
third pully would have descended through a, even if the seoond 
had been fixed, therefore on the whole it descends through ^a+o. 
In like Manner the fourth descends through 2(da+a) + a, or 
(2^ + 2 + l)a; and the n**' through (2»-« + 2**-» + ...+lK 9M^ P 
through 

(2«-i+2»-«+... + lK «f through (2*-l)«. 

But Px(2*-l) = }r; 

.-. Px(2*-l)d=i: W^u, 
tiP^P's virtual velocity = T^"^ If's virtual Velocity. 

11. Tlu iiiieiAimi Plarn^ 

Let ui be a particle, at weight IT, which is kept at rest 6(1 an 
inclined plane by a force P, the direction of which makes an 
angle e with the plane; R the 
pressure of the plane on Jl ; a 
the angle of the plane* 

Suppose ii to be moved along 
the plane to the point a; from a 
draw 069 tLC perpendicular to the 
directions of P and W respect- 
ively: then Ah, Ac are the 
virtual vOlooities of P and W\ 
R will have no virtual velocity. Art. 4. 

Now Ab^Aa k cos e, 

afkd At^Aa . sin a; 
but P WM efc= lr«in a ; 
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.*. P X Aa cos 6= TTx Aa sin a, 
orPxi46=Trx^c, 
or P X P's virtual velocity = IT x W^b virtual velocity. 

12. The Screw, 

It is evident that if the arm upon which the force P acts (see 
^, page 104) be made to describe a complete revolution, the 
weight W will be raised or depressed througli a space equal to the 
vertical distance between two threads of the screw ; and the same 
proportion will be observed whatever be the actual magnitudes of 
the motions of P and W; consequently supposing these motions 
to be indefinitely small, we have (Art. i) 

P^B virtual velocity _ circumferepoe of circle described by P ^ 
W^B vertical distance between two threads ' 

• ^ P vertical distance between two threads 

DUl — =s ■ ' ^ — ; 

W oiroumferenoe ^f circle described by P 

m\ Px P'b virtual vdodly = W x TT's virtual velocity^ 

Hie stildfiDft, after reading thit artide, will undersiaoid more 
dearly the nsasoning ooxntming HwMet^9 Serno, gif<en in llie 
ttote on page lOfi. 

18. We have thus proved the principle t>( virtual Velocities 
in the case of all the simple machines. In any combination of 
these machines it is not difficult to condudd that the prixioiple 
must also hold. A law which thus brings under one f lew Iftie 
conditions of equilibrium In so many different cases will doubtless 
appear to the student one of great beauty and generality, although 
only a deduction from conditiom prevrousty establislied ; but the 
principle of virtual velocities appears in its most striking Hg1il> 
when demonstrated in all iti generality, and laade the basift of 
mechanical investigations* 



CHAPTER VIII. 

ON FBICTION. 



1. The mutual pressure of two smooth surfaces in 
contact is in the direction of the common normal. 

rr tlie preceding chapter we had occasion to speak 
of the effect of a smooth plane upon a body in contact 
with it, and we concluded that the effect would be to pro- 
duce a force upon the body in the direction i>erpendicular 
to the plane. Upon the same principle we can conclude 
the nature of the force which exists between any twq 
smooth surfaces in contact. Let AB, 
CD be two smooth surfaces in eontact 
at N; then they will exert upon each 
other a pressure, which (as we do not 
know its magnitude) we will call E^ 
This pressure will be mutual; that is, 
if ^^ presses against CD with a force 
Ef CD must of necessity press in the 
exactly opposite direction with an equal 
force : this is manifest from the nature of the case. The 
only question is, in what direction will the forces R act? 
Now since the surfaces are in contact at iV', they must have 
a common tangent at that point; let it be tNt; draw nNn 
perpendicular to this tangent^ then we call this line a 
normal to the surfaces, or the common normal. Since 
the surfaces are smooth, they cannot exert any action upon 
each other in the direction tNt, therefore the whole action 
must be in the direction nNn, or in the direction qf th4 
common normal. 
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2. Importance qf comidering the case qf perfect 
smoothness. 

Although in practice no surface is perfectly smooth, yet 
the simplicity gained for mathematical investigations by 
the supposition of perfect smoothness is so great, that 
problems are usually solved with this imaginary condition. 
In the chapter upon maclunes, for instance, we have 
adopted this method. Consequently, it is necessary in 
solving problems to be able to determine at once the 
manner in which smooth surfaces act upon each other; and 
even if we take the actual case of bodies having some 
degree of roughness, it will be found that the nature of the 
mutual action in that case will be best understood by first 
becoming familiar with the simpler case of smooth sur- 
faces. 

3. Contact of indefinitely smaU with finite surfaces. 

One of the most common cases of mutual action is 
that of a particle, or a surface of indefinitely small magni- 
tude, the end of a rod for instance, upon another surface, 
as that of a plane, a sphere, or the like. In this case it is 
to be observed, that the surface of finite magnitude deter- 
mines the direction of the mutual pressure, because any 
line whatever may be considered as normal to the surface 
of a point. The meaning of this will be seen better from 
examples. 

Let ^^ be a pole, a rod, or ladder, standing upon 
the smooth horizontal plane ^(7 and rest- 
ing against the smooth vertical wall AC\ 
we must suppose the foot of the ladder 
restrained, as by a string BC, otherwise it 
will evidently slide down. Now, first, what 

will be the action of the wall upon the 

ladder at -4? It will be a pressure of B "Td c 
unknown magnitude, R, normal, that is perpendicular, 
to the wall. Again, what will be the action of the smooth 
horizontal plane at ^? It will be a pressure of unknown 
magnitude, R, normal, that is perpendicular^ to the hori- 
zontal plana Let us complete the consideration of the 
forces acting upon AB. The string BG will produce a 
force, which we call the tension of the stringy in th^ dk^^ 




126 



On Fnct%<m. 



tion BC'. thig we will denote by T, And lastly^ we have 
the weight of AB, which we may regard as one single force 
W, acting vertically at the centre of gravity G, Hence 
the problem is that of a rod AB, nnder the j^^ 
action of the forces represented in the accom- 
panying figure ; and we may divest ourselves 
of ail notion of wall, ground, &c., and confine 
our attention to the system of forces as there 
represented. 

Let us take another example: BD is a smooth heavy 
rod or beam, resting (as represented in the figure) in a 





fixed smooth hemispherical bowl ABC, the centre of which 
is 0. There will be an action of the bowl upon the rod 
at B and (7, which we will denote by R and R respect- 
ively: what wUl be their directions? 

At B, only the extremity of the rod, which we regard 
as a point, rests upon the surface of the bowl; conse- 
quently the pressure R will be perpendicular to the tan- 
gent at B, that is, its direction will pass through the centre 
of the sphere O. But at C the surface of the beam is in 
contact with the edge of the bowl, which we regard as 
indefinitely thin; consequently the pressure Rf will be 
perpendicular to BD the direction of the beam. 

In this case, as in the preceding, having once deter- 
mined the directions of the various forces, and represented 
them, as in the figure, we dismiss the consideration of the 
bowl, and confine our attention to the equilibrium of the 
beam BD^ acted upon by the three forces By Bfy TV. 
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The ioftiuiceB, which we have now considered^ wiH b^ 
siiffieiwt fdHT our jHreeent purpose; the auliject will be 
farther iUustraied in a subsequent chapter, in which we 
shall be employed in solving problems^ and shall shew by 
what conditions the unknown pressores^ of which we have 
beeii apeakmg, must be determined. 

4. Contact of rough surfaces. Friction. 

yie now pass to the case of rough surfaces. When a 
fbrce tends to draw one body over the surfkce of another, 
there is, as we know by constant experience, a resistance 
to motion; and this resistance we call the force oi friction. 
Its intensity manifestly depends partly upon the nature of 
the surfaces in contact; thus it is more easy to drag a 
load over a wooden floor than over a turnpike road, still 
more easy over a polished marble floor, and the resistance 
of this last may again be diminished by throwing upon it a 
small quantity of oil. Now, inasmuch as in idl practical 
problrafts the force of friction enters in a very important 
manner, it has been the business of scientific men to deter> 
mine as far as possible by experiment what are the laws of 
its acticm. The following are the conclusions to which 
they have been led. 

6. The laws qf friction. Coefficient qf friction^ 
Suppose two bodies to be in contact, and one of them 
to be on the point of sliding over the surface of the other 
in consequence of some force acting upon it, and suppose 
it to be restrained from motion by the force of friction, 
then 

(1) Th^ force qf friction is proportional to the mutual 
pressure between the two bodies; and 

(2) The force is independent of the extent qf the 
surface in contact. 

Suppose, for instance, that a body A rests upon a plane 
suriiEUie, and that the pressure ex- j^ 

erted upon the surface by its owii % 

weight or otherwise is H; and 

suppose it to be on the point of 

moving in the direction AB under FA B 

the action of any force, and to be restrained from moving 
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by the opposite force of friction F, Then F is proportional 
U^ By or Fee B; that is, if we double B, we double F; a 
weight of 2 lbs. will offer twice as much resistance to 
motion over a rough horizontal plane as a weight of 1 lb. ; 
a weight of 3 lbs., three times as much, and so on. 
This relation is generally expressed by the equation 

F=tiB, 
where /a is a quantity called the coefficient of friction, and 
depending upon the nature of the surfaces in contact ; thus, 
for wood it will have one value, for slate another, for ivory 
another. It will abo depend upon the degree of polish which 
the surfaces may have, the absence or presence of any oily 
matter between the bodies, and so on. 

The second law teaches us, that provided the pressure 
is the same the friction does not depend upon the extent of 
surface in contact ; that is, a weight of 1 lb. will not exert 
more friction if it rests upon a surface of two square inches 
than if it rests on a surface of one*. This law however is 
not true in extreme cases, as when the surface in contact is 
reduced very nearly to a point. 

On the whole, the formula F=fiB will express all the 
laws of friction, if we remember that /a is a quantity in- 
dependent of B, independent of the extent of surface in 
contact, and dependent only upon the nature of the surfaces. 

6. Difference between Statical and DynamiccU Fric- 
tion, BesuUs qf experiment on Statical Friction, 

It will be remembered, that the friction of which we 
here speak is that friction which exists when the two sur- 
fia.ces with which we are concerned are cm tite point of 
sliding one upon the other,' this is 0211%^ Statical Fricti(m, 
When motion actually takes place the amount of friction 
is in general different; this is called Dynamical Friction, 

* This result is not so strange as it may appear at first sight For sup- 
pose that a body of a certain weight rests upon another with a certain extent 
of surface in contact, and suppose that without altering the weight we diitiinii^h 
the surface in contact by one-lialf, then if we regard the pressure as uniformly 
distributed over all the points of the surface in contact, we shall liave diminished 
the number of points by one-half, but we shall have dotibled the pretsitre upon 
each point, since upon the whole the same pressure has to be sustained as 
before. And since the friction varies directly as the pressure, the friction at 
each point will be dottbled. Hence, on the whole, as we diminish the ext^it of 
surface in contact, we increase the intensity of the friction, and therefore the 
friction will be cat par. independent of the extent of surfince. 
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and will not occupy our attention at present; we may 
liowever mention in passing, that the same two laws hold 
for Dynamical as for Statical friction, but that there is in 
addition this law, that the friction is independent of the 
velocity with which the surfaces move. 

The following are a few results deduced by experiment: 

Wood upon wood, fi='60. 
Wood upon metal, fi= "60. 
Metal upon metal, fi='18. 

These values may be much reduced by introducing 
between the surfaces any oily substance; for instance, in the 
last case, if olive oil be introduced between the metals, 

/A=12. 

7. In the state bordering on motion the force of fric- 
tion is not a new unknown force. 

Forasmuch as, in this state, friction depends entirely upon 
the mutual normal pressure, the consideration of Motion 
does not introduce any new unknown force into a problem. 
And in general, when a problem can be solved upon the sup- 
position of the surfaces involved in it being smooth, it can 
also be solved with a little increase of trouble, but with no 
real increase of difficulty, upon the supposition of the 
surfaces being rough ; at least, it can be solved /or the state 
bordering on motion. In the machines, for instance, of 
the preceding chapter, friction is practically a very im- 
portant force, and one which may by no means be omitted ; 
and it will be found, after what has been said, that there is 
no difficulty in introducing the consideration of it, provided 
only that we suppose P to be on the point of descending, 
or on the point of ascending; these will form two limiting 
cases, between which all other possible cases will be in- 
cluded. 

8. Examples, 

We will now give a few examples of the solution of 
problems with friction. 

Ex. 1. The lever with friction. 

Let ABhQ K lever working upon a cylindrical axis C] then if 
we suppose friction to exist between the surface of the axis and 
the aperture in which it works, and suppottQ \&x»i\i \}ck& \«^«x Nsw 

G.ft ^ 
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horizontal, but the extremity B on the point of desceudiDg, the 
pressure upon the axis will 
not be in the vertical di- 
rection CD, but inclined to 
it at some angle 6 (suppose). 
Call this pressure R, then 
we shall have a force of fric- 
tion ^iR, (as in the figure), 
tangential to the cylindrical 
axis, that is, perpendicular 
to the direction of R, 

Let AC=a, £C=h, and let r be the radius of the eylindrical 
axis ; then, by resolving horizontally and vertically and taking 
moments about C, we shall have the following three equations ; 

R sin e-fiR cos ^=0 (1), 

R cos d+fiR sin d=P+W. (2), 

Pa=Wb + fjiRr (3). 

Equation (1) gives us 

tan^=/i (4), 

and from (2) and (3) we have 

/ir {P+W) = (cos d+fAHin e)fiRr, 

= (cos '^ + /i sin 0) {Pa - Wb) ; 
.;. P{a(cos ^+itAsin 0)- fir] = W{b {cos 0+fAsm 6)+fAr\, 
P _ b {coa + fji. am 0)-hfxr 
W a{coa0-\-fiain0) — fir' 
If we put for fi its value from equation (4), we have 
P _b ( cos + sm0iasi0) + rtKn0 
W^ a (cos ^ + sin ^ tan 0) - r tan 

6 + r sin ^ ,„. 

= : — 7, (5). 

a-ra\n ' 

In applying this formula we may find from equation (4) by 
means of a trigonometrical table, and then put the value of sin 
in (5). And it may be remarked, that the equations of problems, 
in which friction is involved, generally assume their simplest 
form when we represent the coefficient of friction by the tangent 
of a certain angle. On the other hand, we may, if we please^ 
express the ratio of P to W in terms of /i, and we have then 

P 

w 



Vl + M^ 



a-r 



M 



Vi+/*^ 
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We have snpposed that P is on the point of descending ; if, on 
the contrary, W be on the point of descending, we should find in 
like manner that 

6-r ,^ ■ 

a+r—z — 

% result which may be obtained from the other hy changing the 
algebraical sign of fju 

Ex. 2. The inclined plane with friction. 

We will take the most general 
case, in which P acts in a direction K 

making any angle e with the in- 
clined plane; and y.'e will suppose 
the weight W to be on the point of 
ascending; then the forces will be ^^ n w 

such as represented in the figure. ^X^' '^ 

If a be the angle of the plane, we 
shall have by resolving parallel and perpendicular to the plane, 

Pcose- Wsin a-fiR=0 (1), 

Psin€-Trco8a+ H-O (2), 

Multiplying eqiiation (2) by fi and adding ib to (1) there results 

P (cos e+fXBia €) — W (sin a + /* cos a), 
-P __8in a+jucosa .. 

W cos e+fi sm e 

If W be on the point of descending, the force of friction will 
be in the opposite direction, and the result will be 

P sin a -/A cos a ... 

liv = : (4). 

W cos € - ju sm e ^ 

If, according to the remark made in the last example, we put 
tan /S instead of fA, where fi la a, subsidiary angle detennined by 
the equation 

tan i3=Ai, 

then (3) and (4) become respectively, 

iP^ sin(a+j8) , P _ slu(a-/3) 
W^coa (e-/3)' *^ JVcos (e+j3)' 

By making /3=0 we reduce these expressions to those already 
investigated in page 101 for the case of the 6m<K>t\i vcL<:\xcL^'^^a«A« 
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Ex. 3. If in the last result we make P=0, we bave a=ft 
or the subsidiary angle j3 is the inclina- 
tion of the plane for which a weight 
will jusb not slide. Let us, as another 
example, determine directly the greatest 
angle at which a plane maybe inclined 
without allowing a weight placed upon 
it to descend. 

The forces will be as in the figure ; resolving horizontally and 
Yertically, we have 

J2 sin et-ALfl cos a=0 (1), 

R COS a+ikRmk a— W (2); 

from (1) there results tan a^fiy 

which gives us the angle required. Equation (2) giyes us tiie 
value of jR. . 

Ex. 4. If the Interior surface of a hemispherical bowl be per- 
fectly smooth, it is manifest that a particle cannot rest except at 
the lowest point of the bowl; but if the surface be rough, the 
particle may rest at a distance from the lowest point : let us 
determine the limits within which this is possible. 

Let ABC \}Q the bowl, 
its centre, OB vertical, D A 
the furthest point from B at 
which a weight W will rest, 
BOD=0. The forces will 
be as in the figure. Then, 
resolving horizontally, we 
shall have 

J2 sin $—fxR cos ^=0, 
or tan 0=fif 
which equation determines the position of D, 

9. These examples will be sufficient to illustrate in 
general the method of treating problems, when the surfoces 
involved in them are not perfectly smooth ; and they will 
shew that no new unknown forces are introduced into 
problems by the consideration of friction, provided we take 
only the extreme case, in which the surfaces in contact are 
en the point qf sliding one upon another. 

, 10. Friction sometimes a useful f or ce, sometimes not. 
v. .It may be observed that in practice friction may be 
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regarded as a most useful force ; the climbing a hill, or even 
walking upon level ground, would be impossible without 
it; for in this latter case the pressure of the foot upon the 
ground must, unless for this action of friction, be accurately 
normal to the horizon, a condition which in practice could 
not be satisfied. To take another instance; when a nail is 
driven into a piece of wood, it would not remain in its place 
if it were not for the force of friction. In these and in hun- 
dreds of every-day instances, friction is a most useful force. 
Then, on the other hand, in the construction of machines 
friction is often far from useful, one great difficulty with 
which mechanicians have to contend being in some cases 
that of doing away with the effects of friction ; the construc- 
tion of clocks and watches is a good example. 

11, Friction wheds. 

Many devices are adopted for the purpose of diminish- 
ing the resistance due to friction, in cases in which its 
action interferes with work to be done. Thus a large block 
of stone is transported by placing rollers underneath it, the 
intention being to diminish the enormous amount of friction 
which would exist between the heavy block and the ground. 
The wheels of carriages are the same device in a more 
delicate form ; in this case the friction is reduced to that of 
the polished surface of the axle, which by a constant supply 
of oil or grease is made very small. And there is the very 
ingenious device of friction wheels. To understand this 
invention, let AB, CD be two wheels, 
turning about horizontal axes P, Ql 
and let there be upon the same axle 
Q a third wheel (not seen in the figure) 
behind CD and exactly similar to it ; 
lastly, let EF be a wheel which we 
desire to cause to turn with as little friction as possible; 
then its axle 0, instead of running in a socket, is allowed to 
rest upon the surfaces of the three friction wheels just 
described. The consequence of this arrangement is, that 
any tendency to friction between the axle O and the surface 
of the friction wheels, instead of being resisted by a fixed 
surface, causes the friction wheels to revolve, and thus the 
amount of friction is diminished to a very remarkable 
V extent. 
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12. Experimental investigation qf the laws of fric- 
tion. 

The following is a description of a simple apparatus, 
which may be conveniently used for the purpose of in- 
vestigating the laws of friction. 

A B ifi 21. firm horizontal table, upon which can be 




fastened a flat piece CD of one of the substances concerning 
which we desire to make experiments ; EF is the other 
substance, which lies upon the surface of (72), and bears 
upon it the case G which may be weighted to any extent 
A horizontal string FH, attached to EF, passes over a 
puUy at J?'and carries a scale JT which also may be weighted 
as we please. In order to make experiments upon the 
friction between two given substances CD and EF, we 
have only to put a certain weight in G, and load the scale 
K until ^JP just begins to move; then it will be seen that 
the weight of the case G and its contents, added to the 
weight of EFy measures the pressure between the sub- 
stances, and the weight of the scale K and its contents 
measures the friction for the state bordering on motion. 
It will be easy to vary the amount of the weight in G, the 
nature of the surfaces in contact, and the extent of the 
surfaces ; the result of experiments so made is to establish 
the laws of friction which have been given in this chapter. 

It should be remarked, that in making experiments 
with soft bodies, such as wood for instance, the amount of 
friction will depend to a certain extent upon the time 
during which the surfaces have been in contact, being less 
at first than it is afterwards. This is quite what we should 
expect ; the increase of friction only takes place during a 
limited time : thus with wood upon wood, for instance, the 
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friction attains its greatest value after about two or three 
minutes ; for wood upon metals a longer time is required 
for the friction to attain its permanent value, sometimes 
even as much as several days. 

13. Another method for determining fi experiment- 
ally. 

By the apparatus described in the preceding article 
we might of course determine the value of fi for any given 
substances. The value may however be obtained per- 
haps more simply thus. It has been shewn that if a b^ 
the greatest angle of inclination of a plane of given sub- 
stance upon which a portion of another given substance 
can rest, and if /x be the coefficient of friction for the 
two substances, then tan a=/x. 
Hence to determine ft it will 
be sufficient to determine a; 
suppose now that ^^ is a bar 

moving about a hinge 5 in a c « 

horizontal bar BC, and that CA is a graduated circular rim ; 
suppose also that upon AB we can screw a plate of one of 
the substances, and upon this plate let the other substance 
Whe placed; then let the extremity A be raised until W 
is on the point of descending; ABC mil be then the angle 
a, and will thus give us the value of /i. 

14. Interesting problem involving the principles of 
friction. 

We will conclude this chapter by considering a problem 
of some interest, which involves the principles of friction. 
Every one must have observed the great advantage gained 
by a sailor, who gives a rope two or three twists upon a 
post, and is able by so doing to maintain his hold upon the 
rope when a very great force is applied at the other end. 
The advantage gained manifestly depends upon the friction 
between the rope and post, and may be made intelligible 
as follows. 

Let us consider this problem : Two weights, P and W, 
are connected by a string which passes over a given rough 
horizontal cylinder : P is on the point of descending, required 
the ratio of PtoW. 

Let ACB he a. section of the cyliud^if, O \^ ^^sfct^. 
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Then the string connecting P and W will be in contact 
irith the cylinder throughout the semicircumference ACB, 

Now the difficnlty of the problem consists in this, that 
the direction of the string upon the cylinder is constantly 
changing from point to point: in order to overcome this 
difficnlty let us cut up the arc ACB into n small equal 

parts, ADy DE, EF, ; join AD, DE, EF, and, 

instead of considering the circular arc ACB, let us con- 




sider the polygon ADEF. and let us suppose the string 

to rest upon a prismatic post of many sides instead of 
a cylindrical post. 

Let us consider how the piece of string AD is held in 
equilibrium; there will be the force P B.t A, and a force at 
D in the direction of DE, which will be composed partly of 
the tension of the string, which we will call Pi, and partly 
of the friction, which we will call F, There will be a third 
force, or rather a system of forces perpendicular to AD 
arismg from the pressure of the surface of tlie post upon 
the string, but these forces we may consider to be equiya- 
lent to one single force acting at the middle point of AD 
perpendicular to it and proportional to its length; this force 
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we will call therefore p. AD, Lastly, it will be observed 
that the angle AOD is by construction equal to the n^ 

part of two right angles, or - . 

Now for the equilibrium of AD we have, resolving 
parallel and perpendicular to it 

P=Pi + ^. (1), 

p.AD=P cos DAO + {P^^F) cos ADO,.,. ,(2), 

and by the law of friction 

F=fi,p.AD (3). 

Now cos DA O = cos ADO = sin — r— = sin t- , 

2 2n 

also AD=AO chd. A0D = 2A0 sin^'^ ; 

2n 

,', equations (1) and (2) give us 

2pA sin ^i- = 2P sin -- ; 
^ 2n 2n 

P 

"^"AO' 

.-. from (3), F=^P . ^=^l*P^i\„ i 

and therefore from (1), 

A=P-2;xP8in^=p{l-2;»8in^}. 

In like manner if Pj be the tension of the string at E, 
we have 



F,=P,{l-2^Bin^^ 



And so on. But we have divided the circumference ACB 
into n parts; consequently, according to our notation, 



JV=P.=pi^l-2^sm^\'. 



This formula will explain the advantage of wrapping 
a cord upon the surface of a many-sided prismatic post, from 
which the case of a cylinder is not a ver^ di^wi^ ^vfe^. 



138 On Friction. 

For, suppose we have a prismatic post of 2n sides ; alid let 
P and Q be the two forces which are in equilibrium at the 
extremities of a rope wrapped upon it, P being on the 
point of overcoming Q; then it will appear, that if we make 

for shortness' sake f 1 - 2/* sin — J = r, 

for one complete turn upon the post, Q=Pry 

... two Q^Pr\ 

...three Q = Pr^, 

and so on : that is to say, as the number of terms increases 
in an arithmetical progression the mechanical advantage 
increases in a geometrical. 

The same conclusion will hold for a cylindrical surface. 
In this case the quantity which has been called r has a 
value, which might be obtained by making the quantity n 
which occurs in it indefinitely great*. But without doing 
this it may be remarked that what is true for a polygon of 
as many sides as we please may be concluded to be true of 
a circle; and therefore it may be concluded, that if. we 
have a cylindrical post round which a rope is wrapped, the 
mechanical advantage thereby gained increases in a geo- 
metrical progression as the number of turns of the rope 
increases in an arithmetical. Thus, if with the exertion of 

a force of 6 lbs. I am able with one turn of the cord to 

f? 1 
sustain a pressure of 24 lbs., then ^=04 = 4? ^.nd two turns 

of the rope will enable me to sustain 6 x 4' or 96 lbs., three 
turns 6 X 4^ or 384 lbs., and so on. 



EXAMINATION UPON CHAPTER VIII. 

■ 1. Determine the direction in which the mutual pressure of 
two smooth surfaces in contact takes place. 

2. Define friction, and enunciate its laws as determined by 
experiment. 

* The result would in fact be 

where e is the base of Napier's logarithms, and m Is the number of times the 
cord is wrapped round the cylinder. 
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3. Investigate the relation of P to TT in the case of the lever, 
taking into account the action of friction. 

4. The same for the iaclined plane. 

5. The same for the screw. 

6. Find the greatest angle of elevation of an inclined plane 
for which it is possible for a lump of a given substance to rest 
upon it. 

7. A heavy particle is placed upon the exterior.of a rough 
sphere ; find the limits within which equilibrium is possible. 

8. Given the magnitude of the horizontal force (P), which 
will just support a given weight (W) upon a plane of given inclina- 
tion (a) ; determine the coefficient of friction. 

9. There is a block of wood which can be just lifted by the 
combined strength of two men, determine the greatest angle of 
elevation of a wooden inclined plane upon which it can be 
supported by one man (iLi=^) ; the man exerting a force parallel 
to the plane. 

10. Prove that in the preceding problem the elevation of the 
plane, upon which one man can support the weight, is twice as 
great as that for which the weight would rest by itself. 

11. Explain the manner of making experiments concerning 
the laws of friction. 

12. Assuming the law, that when the extent of surface in 
contact of one body resting on another is given, the friction for 
the state bordering on motion varies as the pressure ; deduce the 
truth of the other law of friction, namely, that the friction is inde- 
pendent of the extent of surface in contact. 

13. What is meant hy friction wheels^ Explain their use. 



CHAPTER IX. 



PROBLEMS. 



IN this concluding chapter we shall give a number of 
problems, of such a nature as to be capable of solution 
by means of the principles already laid down. Some of 
the problems will be solved by way of iUustration ; in some, 
hints towards solution will be given ; and some will be left 
entirely to the ingenuity of the student. 

The following short collection of hints and rules for the 
general method of treating problems may probably be 
found useful. 

1. Draw a figure of the system as accurately as possible, 
representing by arrows the directions of the various forces ; 
all forces, of which the magnitude is not known, to be 
denoted by symbols P, Q, R, &c. 

2. If the system contains more than one body, the 
action and reaction between the various bodies at their 
points of contact must be considered ; the action and re- 
action between two bodies will be always equal in magnitude 
and opposite in direction, and if the bodies be smooth the 
action and reaction will take place in the line of the 
common normal at the point of contact. "When these 
forces have been taken into account, the equilibrium of each 
component body of the system may be considered sepa- 
rately. 

3. Resolve the forces acting upon each body of the 
system in two directions at right angles to each other, and 
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equate each result to zero : take moments about any point 
for each body, and equate the result to zero. 

In the resolution of the forces, it is not generally of any 
serious consequence what directions of resolution are chosen; 
but in taking moments it is desirable to choose the point 
about which they are estimated, in such a manner as to 
give the simplest results ; thus, if the directions of two or 
more forces pass through a point, it is generally desirable 
to take the moments with reference to that point. 

4. Count all the mechanical equations thus produced, 
and count the unknown quantities both mechanical and 
geometrical ; if the number of unknown quantities exceed 
that of the equations, the deficiency must be supplied by 
geometrical equations, that is, by equations expressing 
necessary geometrical relations amongst the parts of the 
system. 

6. If the surfaces of bodies which act upon each other 
be rough, the solution of a problem is in general inde- 
terminate except for the state bordering on motion, that 
is, for the position in which the bodies are on the point of 
sliding upon each other. In this limiting case, the friction 
acts in the direction opposite to that in which motion would 
take place, and is proportional to the mutual normal 
pressure. 

6. The process which has been here described may not 
unfrequently be abbreviated by artifices peculiar to in- 
dividual problems. Especially it may be noticed, that when 
there are only three forces acting upon a body, the position 
of equilibrium may generally be simply investigated by 
making the construction of the figure satisfy the necessary 
condition of the directions of three forces all passing 
through the same point. 

7. The student must not be surprised if the solution 
of a problem lead to an equation, either algebraical or 
trigonometrical, which he is unable to solve ; indeed it not 
unfrequently happens, that a problem of apparent mecha- 
nical simplicity leads to such a result. This usually arises 
from the fact of the mode of solution adopted necessarily 
involving other cognate problems, and therefore giving the 
solutions of them as well as of that with which he is 
emgaged. 
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8. It may be remarked, as a matter worthy of the 
student's attention, that the thorough comprehension of 
one problem, solved by himself, will do more to assist him 
in understanding the principles of Statics than the half- 
comprehension of many. On this account it is recommended 
to him, when he has solved a problem in one way, to vary 
his method of proceeding and solve the problem again. 
Thus ; he may assume new directions of resolution, and a 
new point with respect to which to take moments; or he 
may endeavour to abbreviate the solution by geometrical 
construction; or he may vary the circumstances of the 
problem in some of its details. Examples of this will be 
found in the collection of problems following. 

9. In making use of the collection of problems, tlie 
student is recommended to consider well, and to attempt 
to solve, those problems of which the solution is given in 
full, before he examines the solutions. The solved problems 
will be, comparatively speaking, of little profit to him, unless 
used vdth this caution. 

With these hints the student may enter upon the con- 
sideration of the problems which follow, and which of 
course might be indefinitely multiplied. They will be found 
to be not exclusively problems concerning the position and 
conditions of equilibrium of rigid bodies ; amongst them 
are problems concerning the equilibrium of a particle and 
the properties of the centre of gravity, and some concerning 
the equilibrium of a string. 



I. Three forces act upon the sides of a triangular board, and 
in directions perpendicular to the sides : to prove that for equili- 
brium the forces must be proportional to the sides upon which 
they act. 

Let ABC be the triangle; P, Q, R the forces acting at the 
points D, E, F respectively ; produce the 
directions of P and Q to meet in 0, then 
FO must be the direction of R, otherwise 
there could not be equilibrium. 

Then by a theorem already proved, 
p. 63, 
PiQ,iRiimiEOF:vaiFODi%mDOE, ^ 

: : sin ^ : sin £ : sin (7, 

:: BO iCA : AB. 
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II. Treat the preceding problem by resolving the forces and 

taking moments. Shew that if BD=^x, CE—y, AF=z, this 

method of solutioD leads to the conclusioni 

a^ + 59 + ^3 
x sin ^ + ^ sin £ +z sin (7= t-^ — x area of triangle; 

and explain the meaning of this condition. 

III. If Q be the angular distance of a body from the lowest 
point of a circular arc in a vertical plane, the force of gravity in 
the direction of the arc : that in the direction of the chord :: 

2 cos Q • ^« 

IV. A straight lever of uniform thickness, the length and 
weight of which are given, has two "weights P and Q attached to 
its extremities, and is kept in equilibrium partly by a fulcrum at 
a given point, and partly by another fulcrum on which it presses 
with a given force ; required the position of this latter fulcrum. 

V. A beam, 30 feet long, balances about a point at one- 
third of its length from the thicker end; but when a weight of 
10 lbs. is suspended from the smaller end, the fulcrum must be 
moved 2 feet towards it in order to maintain equilibrium. Find 
the weight of the beam. 

VI. A heavy body is to be conveyed to the top of a rough 
inclined plane^ the angle of inclination being a ; prove that if the 

sin ^450 - ^^ 
coefficient of friction be greater than — — ^ ^, it will be 

sinUSO+^j 

easier to lift the body than to drag it up by means of a cord 
parallel to the plane. 

VII. If Q be the centre of gravity of the triangle ABC^ 
then 

VIII. C7J, OB are the amis of a bent lever; G is the centre 
of gravity of the lever; prove that 

IX. Two weights P and Q, connected by a string of given 
length, balance each other upon the smiace of a sphere. B«- 
qnired the position of equilibrium. 
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X. If three weights, placed at the angular points A, B, C 
of a triangle, are respectively proportional to the opposite sides 
a, 6, c; prove that the centre of gravity of the weights is a point, 
the distances of which from A, £, C are respectively, 

2ftc A 2ea B 2ab C 



r cos 75 , 7 cos 77 , r—- COS jr . 

a + b + c 2 a + 6 + c 2' a+b + c 2 

XI. Two forces F and i^, acting in the diagonals of a 
parallelogram, keep it at rest in such a position that one of its 
edges is horizontal ; shew that jP sec a=i^ sec a'= TT cos (a+aO, 
where W is the weight of the parallelogram, a and a' the angles 
between its diagonals and the horizontal side. 

XII. A uniform beam AB, of given length and weight, 
re><ts with one end on a given inclined plane, and the other 
uttached to a string AFP passing over a pully jP at a given point 
of the inclined plane. Knowing the weight P fixed to the other 
end of the string, find the position in which the beam rests. 

XIII. Find the limits of possibility of the preceding 
problem. 

XIV. Also solve the problem for the particular case in 
which the string ^jP is horizontal 

XY. By means of tables obtain a numerical result for the 
angle between the beam and the plane, when the inclination of 
the plane is 46\ the weight of the beam 4 Ibs.^ and P=3 lbs. 

XVI. A smooth sphere, 
of which the centre is 0, rests 
upon an inclined plane A M 
at i>, and is kept in equili- 
brium by the uniform beam 
A B, which, moving about a 
hinge at A , presses upon the 
sphere at C. Bequired the 
conditions of equilibrium. 

Let a=iMANy the angle 

of the plane; W, W be the . 

weights of the beam and -^ ^ 

sphere respectively. At the point C there will be an action, of 
the sphere upon the beam, and an equal and opposite action of 
the beam upon the sphere ; call this R, its direction will be per- 
]9endicular to the beam and through the centre of the sphere. 
Ai i>. there will be an action of the plane upon the sphere, R' 
suppose ; its direction will be J)0, The beam will be kept 19 
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equilibrium by the forces R, W acting at Q tbe middle point of 
ABf and a pressure at A which we need not consider; the sphere, 
by the three forces W at 0, R and R\ 

Let r = the radius of the sphere; AC=iAD=x\ CAD=^0, 

Then for the beam, taking moments about A^ 
Rx=WaQO9(0+a) (1). 

For the sphere^ 

JZsin (^ + o)=i2'sina (2), 

i?cos(^ + a) + W^=iJ'co8a (3). 

And we have the geometrical relation, 


a=xtan-, (4). 

Multiplying (2) by cos a and (3) by sin a and subtracting, we 
have, 

R jsin (^ + a) cos a -cos (5 + a) sin a[-TFsin o=0, 
or R sin 0= W sin a ; 
•*. combining this equation with (1), there results, 

X _ Wa cos (5 + o) 
sini9~ W^'sina * 



-nr /^ \ cot s cot — - 

TTcos (^-i-tt) _ 2 _ 2 1 

^^ IF'sina "sin^"^ . ^ ^~o.,^' 

2sm-co8- 2sin'^ 

♦•. 2-=^ COS (5 + a) sin' o=8in a, 

or sin a cosec^ ^= (2 cos a cos ^ - 2 sin a sin ^ ^==7 , 

.*• ^n + «>*'2 ) =2 ^***^ « \^^^ 2 ~ ^"^'2 ) " ^ ""^ 2 °^ 2 ' 

.-.^(^l+cot'-j =2cota(cot22-l)-4cot2, 

.•.5(5,.)V.!=,«.(g-). 

This is the simplest form to which the equation can be re- 
duced; it has been already remarked, that not unfrequently 
statical problems of no great degree of complication lead (as in 
this case) to equations which we are not able to 8obr«« 
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If ihe position of equilibrium be assigned, that is, if 9 or ar 
be given, the equation which we have obtained gives us the ratio 
of the weight of the sphere to that of the beam, for we have 

W^'_ 2 cot g {x^-a^ - 4ax 
W (»^ + a*y * 

From this equation we can obtain a limit of the possibility of the 
problem; for r^ must be positive, therefore we must have 

2 cot a (ac* - a') — 4ax positive, 
•*. x^ - a' > 2ax tan a (since cot a is positive), 



or tan a< 



2ax 



Suppose^ for instance, that x=2a, then 
tan a must be <f < . 75, 
or o< 360 62'; 



8 



W 2 cot ax3 
and then -^ = ^s"" " 

Thus if a=300, cot a= ^, 

.W 6J3"-8 10.39-8 1 . ,, 

*°^ W = ~25"" = 25— = 10 W«>^«nately ; 

that is, if the inclination of the plane be 30^, and the distance of 
either point of contact of the sphere from the hinge equal to the 
diameter, then for equilibrium the beam must be about 10 times 
as heavy as the sphere. 

In the particular case of the weights of the sphere and beam 
being equal, the biquadratic upon which the problem depends is 
reducible to a cubic : this the student may prove. 

XVII. ABO \b A piece 
of wood, in the form of a 
right-angled triangle, resting 
upon a smooth horizontal 
plane DE. The heavy ver- 
tical beam FG, whose weight 
is Wy passing through two 
rings rests upon the inclined 
plane AB, Find the hori- 
zontal force P, which is ne- 
cessary to prevent motion. 
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XVIII. Find the relation of 
P to TT in each of the accompany- 
ing systems of Pullies. 

XIX. A uniform rod, 50 feet 
long, is cut into two pieces of 18 
and 32 feet respectively, and these 
are placed upon a smooth horizon- 
tal plane with their lower ex- 
tremities pressing against each 
other, and the upper extremities 
leaning against two smooth verti- 
cal planes; also the two rods are 
at right angles to each other; find 
the distance between the walls. 

XX. A unifoim beam rests with its extremities upon two 
given inclined planes ; to find the position of equilibrium. 

Let A By AC he the inclined planes, 
a, /3, their respective inclinations; 
DE the beam, its middle point or 
centre of gravity, W its weight, 2a B- 
its length ; R, R' the actions of the 
two planes at D and E^ which will 
be perpendicular to ^i^ and AC, 

Then if ^ be the angle which DE 
makes with the horizon, we shall 
have, by resolving horizontally and vertically and taking moments 
about 0, 




.(1), 
.(2), 

.(3); 



R sin a-R' sm j8=0 

R cos a-^-R' cos ^=.W 

iZacos (a + ^)-jR'acos (/S-^) = .. 
from (1) and (3) 

coS^a + B) _ cos {^-B) ^ 
sin a "" sin /3 ' 

or, cot a cos 6 - sin ^ =cot j3 cos d + sin 0; 

.*. 2 tan d=cot a - cot j3. 

XXI. Let us solve the preceding problem by a different 
method. The directions of R and R^ if produced must meet in a 
certain point P, and the direction of W produced must pass 
through this same point. Suppose them to do so ; then in the 
triangle PDG, GPD=a, (for it is the incllnatioii oC DP \ft NJas^ 
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vertical, 'which most be the same aa that of J £ to the horizoD,) 

Pi)(? = 90® - ili)^ = 90® - a - ^, 

, PG _ gin PBO _ COB (a + g) . 
''' DQ~B\uQPD~ sin a ' 

in like manner, from the triangle PEO, 

PQ cos (p~0) 

EG~ 8ia/3 ' 
but DG=EQ\ 

cos (a+5) cos (/3- 



— . « f as before, 
sin a bia p 

XXII. In the particular case in which th^ angle between 
the two planes is a right angle the result assumes a simpler form, 
and moreover gives rise to a remark upon a stiU different method 
of solving the problem. In this case, j3 = 90^- a, and our equa-* 
tion becomes 



2 tan d=cot a -tan a= 
2 tan a 



.'. tan 2o=- — r— o— = 



tan a 
1 



— tan a= 



1-tan'a 



tan a 
=cot^=tan(900-5); 
^=900-2o. 



1 - tan* a tan d 
or, 2a = 90® -5, or, 

Now suppose in this case that we make the beam DE to assume 

C 




T. A O 

all possible positions while its extremities move upon the planes 
AB, AC', then it is well known (and is easily proved) that the 
middle point G will trace out an arc MGN of a circle LGO, of 
which the centre is A, and the diameter DE (LO is taken as the 
horizontal line). Then, if DE be slightly displaced so that D 
and E remain in contact with the planes AB, AC, the virtual 
velocities of the forces at D and E are zero (Art. 4, p. 117) ; and 
therefore, for equilibrium of the beam, the virtual velocity of the 
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weight acting at must be zero (Art. Q, p. 118) : thus the dis- 
placement of G must be horizontal ; and must therefore be at 
the highest point of the circle. Draw AG vertical, 'and the inter- 
section of this line with the circle will fix the position of G; 
through G draw DGE so as to be bisected in {?, (which may be 
done in several ways,) then DGE is the required position of the 
beam. And we have, 

GAD=GDA = a-\-e\ 
h\kiGAD^W-DAL=W-a', 
.'. + 5 = 900 -a, 

or e^W- 2a, as before. 

The problem might be worked out in a similar manner for the 
more general case, but the locus of G would then be an ellipse 
instead of a circle, and the solution would not be so simple. Tina 
method of solution has the advantage of pointing out the character 
of the equilibrium of tliis problem with respect to stahility (see 
p. 48); for it is evident that the equilibrium of a particle upon a 
smooth circle is unstable or only theoretically possible, therefore 
also the equilibrium of the beam DE is unstable. Practically the 
influence of friction will make the equilibrium possible, and that 
within considerably wide limits : let us investigate this case. 

XXIII. Suppose the extremity D to be on the point of 
descending, then the friction at D will be in the direction BD, 
that at J? will be in the direction EA, and the equations of the 
problem will be as follows, (see fig. p. 147) : 

R Bin a- /iR COB a- R Bin p - fiR' COB p=:0 '-(l)* 

R COB a + fiR Bin a + R! COB ^ - fiR^ Bin fi=W, (2), 

RacoB {a + e) + fiRasin {a+0)- Rfacoaifi -$) + /iRaBin(fi -6)- 0(3). 

From (1) and (3) we have 

cos {a+0)+fiBin(a + e) _ C08 (^-6)- fi Bin (fi-0) 

aina-ficoB a "" sin /S +/x cos /3 

Let us simplify this equation by putting ft = tan/, then 
cos (a + e-f) COB {0-e-\-f) 
sin (a-/) " 8in(/3+/) 
and 2 tan 5=cot (a -/) - cot 03+/). 

This gives us the value of 6 when 2) is on the point of descend- 
ing ; if, on the other hand, D be on the point of ascending, we 
have only to change the sign of/, and, calling the value of for 
this case 0', we have 

2 tan 5'=cot (o+/)-cat (p-f^. 
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In the particular case in wliich j3=90® - a, 

. 2 tan d= cot (a-/) — tan (a-/), 
and^=900-2a + 2/, 
simUarly, ^ = 90« - 2a - 2/, 

OTf=-j-; 

that is, the subsidiary angle / which we have introduced is one- 
fourth of the angle between the two extreme positions of the 
beam. 

XXIV. Vary the preceding problem by taking one of the 
planes vertical; and let the planes be (1) smooth, (2) rough. 

XXV. Vary it again by considering it as in XXIII, except 
that one plane shall be rough and the other smooth. 

XXVI. A uniform beam rests upon a prop, with one 
extremity in contact with a smooth vertical wall. To find the 
conditions of equilibrium. 

Let AB he the beam; G its 
middle point, or centre of gravity, 
W its weight, 2a its length, MN the 
wall, R the pressure of the wall 
upon the beam, which will be hori- 
zontal.' D the prop, c its distance 
DB from the wall, P the pressure 
of the prop on the beam, which will 
be in a direction perpendicular to 
AB, Also let be the angle which 
AB makes with the horizon, or d = ADE. 

Then resolving horizontally, and vertically, and taking mo- 
ments about A , 

Jt-P Bin 0=0 (1), 

W-P COS 0=0 (2), 

PCBec0-Wacoa0 = O (3). 

From (2) and (3) c sec ^ = a cos^ 0, 

or cos^ 0= , 




\ cos 



-($}'■ 
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'whicli determines 0, It appears from the result that c must be 
less than a^ as is represented in the figure, and as must manifestly 
be the case. 

XXVIT* We may solve this problem otherwise. In the tri- 
angle AEDj the sides AE, ED, DA are respectively perpendicular 
to the directions of the forces i2, W^ P; hence they are in the 
same proportion as those forces, that is, 

M : W : P :: AE : ED : DA, 

:: sin : cos 6 : 1. 

This .proportion is equivalent to equations (1) and (2). But we 
must obtain another equation.in order to solve the problem ; this 
is done from the consideration that the directions of three forces 
must meet in one point ; let them meet in If, Then 

- AD c sec 6 ^ « c . . 

cos 6 = — -=y = ^ , or cos"* ^=- as before. 

Aff acosd a 

XXVIII. Vary the preceding problem by taking the plane 
MN inclined at an angle a to the horizon. 

If be the angle between the beam and MN, the result is 

sin^ 4> cos (a - 0) =- sin a, 

a 

XXIX. Take the problem as before, with the exception of 
supposing a weight W^ suspended from B, 

XXX. If the wall be rough, find the limiting positions of 
equilibrium. 

XXXI. Three uniform beams of length 2a, 26, and 2a 
respectively, and of equal thickness, are loosely jointed together 




and suspended symmetrically from a fixed cylinder, of which the 
axis is horizontal and the radius greater lUa.'o. b->\.\ia \si\\^^\i«wsi. 
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resting upon tiie cylinder. Determine the pressnres at the three 
points of contact ; (1) when 2a is greater than h ; (2) when it is less. 

Let AB, BO, CD be the three beams, E, Q\ i^the pomts of 
contact, Q the middle point of AB, The fig^e will sufficiently 
explain the forces which act; it need only be remarked, that the 
action between the two beams at ^ is assumed tx> be one force P 
acting in a direction determined by the angle 9 which it makes 
with the horizon ; we might have assumed a horizontal and verti- 
cal force, but have chosen to assume one force in a direction to be 
determined. 

Let r be the radius of the cylinder, EOQ'—tL, then the equa- 
tions for the beam AB are 

P cos 9-R sin o=0 (1), 

P sin B->tB. cos o= W (2), 

J»-T7oco8o=0 (3); 

for the beam BC, 

R'-2P sin 5= W (4) ; 

the other two equations are identical ; and those for CD are the 
same as for AB, And we have the geometrical relation, 



&=r tan- (5). 



From (3) 



1 ^ tan2- 
J, Wa Wa ^^"^ 2 Trar»-6« 

Ji=^—r- COS a— . = -, — 5 — ,-»• 

l + tan'*- 

It will be observed that the problem is set with the condition 
that r is > &, and it is manifest that the beanus ABj CD could 
not otherwise be in contact with the cylinder; in the expression 
just found for i2, if r be less than h, R becomes negative ; which 
shews that the beam AB could not be in contact unless held by a 
string, the tension of which would be a force in the opposite 
direction to that assigned in the figure to R, 

Again, from (4), 

i2'=Tr+2Psin^, 

= W+^W" 2R cos o, from (2), 

= Tr-h2Tr-2Tr|co8«o, 



-^*«V-l(S^'\- 
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Since the beams are of equal thickness we must have 

W : W :ih I a; 

Let us simplify these expressions by supposing that r=2h, 

Still further, suppose that a=2b, 

XXXII. The case in which 2a is < ft we shall leave to the 
studenVs own ingenuity, merely remarking that he will find the 
mechanical equations, with one exception, to be the same^ and 
that he must substitute a new geometrical relation for equation (5). 
No step can be conveniently taken for the solution of the problem 
other than writing down the appropriate equations. 

XXXin. Two equal and similar rough beams are fastened 
together by two of their extremities, so as to include a given 
angle and together to form one rigid piece ; the piece thus formed 
is balanced upon a fixed rough horizontal cylinder. Determine 
the limiting positions of equilibrium, the coefficient of friction 
being tan /. 

The student may, if he please, simplify this problem by taking 
the angle between the beams a right angle, and each of the beams 
equal in length to the diameter of the cylinder. 

XXX IV. A person suspended in a balance, of which the 
arms are equal, thrusts his centre of gravity out of the vertical 
by means of a rod fixed to the further extremity of the beam of 
the balance, the direction of the rod passing through his centre of 
gravity : given that the rod and the line from the nearer end of 
the beam of the balance to his centre of gravity make angles a, /3 
with the vertical, shew that his apparent and true weights are in 
the ratio sin (a+/9) : sin (a-/3). 

XXXV. A uniform beam is placed in a fixed smooth hemi- 
spherical bowl, the diameter of which is less than the length of 
the beam; find the position of equilibrium. 

We will leave this problem to be treated by the student accord- 
ing to the general method of resolution of forces and of moments, 
and wiU insert a geometrical solution. 
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Let ABhe the beam, CDE the bo'wl, its centre; draw EF 
perpendicular to A By to meet A produced iuF; AF, EF will be 
the directions of the two pressures M, R\ at A and E, From F 




draw a vertical line, which must pass through G^ the middle point 
of AB, and be the line of action of its weight W, Letr be the 
radius of the sphere, ^i? = 2a, the angle which AB makes with 
the vertical, or FGE= 6. 

Then OAE= OEA = 900 - d. Also since ^ i^i'' is a right angle, 
a semicircle described upon AF will pass through E, ,\AO=OF, 
ov.AF=2r. 

Now from the triangle FAG, we have 

AG %mAFG 
AF~ Bin AGF* 

a sin (^-90** + ^) cos 2d 

2r sin d sin 5 ' 

a 
,\ COS 2d+ - Bin. 6=^0, 
2r 

d 
or sin^d - -p sin 5 - i = 0, 

a quadratic for determining 6, 

The student may perhaps be puzzled by obtaining a quadratic^ 
which must have of necessity two roots, when apparently one 
answer only was required to the problem: by solving the equa- 
tion, (or by observing the sign of its last term,) he will perceive 
that one root of the equation is positive and the other negative, 
and since the angle which he requires is manifestly less than 180^ 
he will know that the positive root is that which he seeks. The 
full explanation however of the existence of the negative root 
would lead us into difficult considerations, which are better for 
the present omitted. 
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XXXVI. Considet the preceding problem, taking account 
of friction. 

XXXYII. An aperture is made at the extremity of a hori- 
zontal diameter of a fixed hollow sphere, and a rod \7ith0ut 
weight and of greater length than the diameter of the sphere in- 
serted ; given the length of the rod, determine the conditions of 
equilibrium when it is acted upon by a given horizontal force, at 
the extremity which lies without the sphere. 

XXXVIII. A OB is a fixed vertical rod in a fixed hemi- 
spherical bowl CBD^ of which the 
centre is 0. PQ is a unifonn rod 
resting upon the bowl at Q and upon 
A OB at Pi to find the position of 
equilibrium. 

Join QO, this will be the direction 
of the pressure of the surface of the 
bowl upon the rod at Q, which call R, 
The pressure ^ of the rod A OB upon 
PQ at P will be horizontal. The 
weight W of PQ will act parallel to 

AOB at the middle point G of PQ, Let QPB = 0, QOB=^, 
£0=r, &nd PQ = 2a. 

Then resolving horizontally and vertically, and taking moments 
about G, we have 

iZ'-iZ sin 0=0 

Tf-i2cos0=O 

R'a cos e-BaBin {<f>-e) = 0. 

And we have the geometrical relation, 

2a _^ sin 
r ""sin 

Now from (1) and (3). there results 

sin <p cos d= sin (4> - 6) 

= sin cos ^ - sin cos ; 

.'. sin cos 0=0. 

Hence either ^=0, or 0=90®; the latter is not possible, 
because (2) would give us W=0; hence d = is the only solu- 
tion, that is, the rod PQ must stand vertically, in which case it 
is manifest that there will be equilibrium. 

Consequently there is no sucli poaitiOTi ot ^^^^c^tvxvxgl ^s^^^cks^ 



(1), 

(2), 
(3). 
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nvhich we have represented in the figure ; and a little considera- 
tion would have pointed this out to us at first, for it is evident 
that the directions of the three forces TT, R^ R' cannot pass 
through the same point, which is an essential condition of equi- 
librium. 

XXXIX. A ladder being placed against a perfectly smooth 
wall, find the smallest angle of elevation for which equilibrium is 
possible, the coefficient of friction between the ladder and ground 
being given. 

XL. A hemisphere ABC being placed in contact with a 
smooth vertical wall, as in the figure; to find 
the nearest point to C at which a smooth prop 
being placed, the hemisphere will be at rest. 

Let be the centre of the sphere; draw 
OOB horizontal, then it is evident that the 
centre of gravity of the hemisphere will be 
somewhere in OBi let it be (?; tiie exact posi- 
tion of (? is a matter of indifference so far as the 
method of investigation is concerned, but we 
may as well assume that which can be proved, 
namely, that 0^ : OB :: 3 : 8. Let W be the weight of the 
hemisphere which acts at O, 

Again, if there be a prop at any point P, it is plain that the 
hemisphere cannot fall without twisting so as to separate itself 
from the wall ; just before the final separation takes place, the 
lowest point C will be the only point in contact with the wall : 
hence we may suppose the action of the wall to produce a force 
R at the point (7, and in the durection perpendicular Xo AC, i.e. 
in the horizontal direction. 

Let the directions of W and R intersect in N, Then the third 
force arising from the pressure of the prop must also act through 
N', but this force must also act through 0, since it must be 
normal to the surface of the sphere ; hence, joining NO, this must 
be the direction of the force, and the point in which NO meets 
the hemisphere will be the point required. 

CN 3 

If we denote by $ the angle CON^ then tan ^=jj7y = q » ®' 

6 = 20^ 33': and the angle 6 thus found will entirely fix the posi- 
tion of the point required. 

We have solved this problem by a geometrical construction, 
as being the neatest method of treatment. If however we had 
taken F as the point, and denoted COP by $, and the pressnro 
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at P by R!f we should have had the equations 

R'QOf^e=W. (1), 

22' sin ^=22 (2), 

R. OC^W.OG (3); 

(1) and (2) give us 

and from (3) 

W'OCS* 

.*. tan 0=^ as before, 
o 

XLI. Consider the preceding problem on the supposition of 
the wall being rough. 

XLII. If the wall be smooth and the prop be not at the 
nearest point possible to C, but at any other point P such that 
COP=af determine the pressure upon the wall and prop respec- 
tively. 

XLIII. A cylinder lies upon two equal cylinders, all in 
contact) and having their axes parallel : and the lower cylinders 
rest on a horizontal plane : tan f, tan /' are the coefficients of fric- 
tion respectively between the cylinders, and between the cylinders 
and the plane. Supposing the points of contact all to slip at the 
same instant, find /and/'. 

Let W be the weight of the upper cylinder, W that of either 
of the lower ones, R the action between two cylinders, 22' between 
either of the lower cylinders and the plane ; a the angle which the 
line joining the centres of the upper and either of the lower 
cylinders makes with the vertical. (The student can supply the 
figure.) Then the equations of the problem will be as follows. 

For the upper cylinder, 

222 cos a + 222 tan/sin a= W, 

... 22co8(a-/)=^^f^. (1). 

For either of the lower cylinders, 

22sin(a-/)=cos/tan/'22' (2), 

22cos(a-/) = (22'-T7')cos/ (3), 

22 tan/=22' tan/ \^V 
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From these four equations we can elimmate R and Bf, and find 
/and/'. From (2) and (4), we have 

sin (a-/)=8in/; 



2 



Again, from (1) and (3), 



W W 



from (1) and (2) 



tan (a-/) = 



or tan - = 



2R tan f 
W 

2\r+w 
w 



tan/'; 



.\tan/=2^,~^tan2. 



Tf. 



are con- 



XLIV. A number of weights TTj, Tfj, 
nected by strings of given length, the extremities being attached 
to two points in the same horizontal line, so as to allow the 
weights to hang in a festoon below; to find the conditioni of 
equilibrium. — The Funicular Polygon, 

Let J?, (7, D, ...be the a Tr 

weights; Aj the points of 
suspension; AB=a^, BC— 
a^ &c. AG=c; also let the 
angles which AB^ BC, .,. 
respectively make with the 
vertical be ^^ ^a-..; lastly, let 

7\ T, be the tensions of 

the strings. 

Then the weight TTj is kept in equilibrium by its own weight 
acting vertically, Ti acting in the direction BA, and T^ in the 
direction BC, Hence resolving horizontally and vertically we 
have 

Tj sin ^1 = ^2 sin ^2 (1), 

Ti cos ^1 - Tj cos ^2= ITi (2). 

We shall have two similar equations for each weight ; suppose 
there are n of them, then we shall have 2n equations. Let us 
consider how many unknown quantities there wUl be. There are 
n + 1 strings, therefore there will be 7i + 1 unknown forces T^ T^... 
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JV44, and n+ 1 unknown angles 0i 6^ ^,^1 ; on the whole then 

there will be 2n + 2 unknown quantities ; but there are only 2n 
mechanical equations, therefore we must have two geometrical. 
One of these wiU be the following, which arises from the fact of 
AG being given, 

Oisin ^i + ajsin B^+ +«i.4-i sin Bn^i-^c, (A) 

The other is obtained thus ; let D be the lowest point of the 
festoon, and let Wp be the weight which hangs at D, then the 
vertical distance of D from AG'is 

Oj cos ^1 + a^ cos $2 + &c. + ap cos dp ; 

but the same vertical distance is also equal to 

Op+iCOS ^ji+i+ +a^iC03 e^T^'y 

. *. c^cos ^1 + + QpCon ^p=ay+iC08 Op^^ + +««+] cos^,^j.i.(B) 

Thus we have obtained the 2n+ 2 equations required. 

To complete the solution of the problem so far as it can be 
completed, let us write down equation (2) and all those of the 
same class ; and to simplify the problem we will consider all the 
weights equal, then 

Tj cos dx- T^ cos ^2= W, 

Tg cos e^ - T3 cos ^3 = TT, 



T.cos^.-2;+iCos^^i=Tr; 
subtracting the second of <these equations from the first, we have 

Ti cos ^1 - 2 fg cos ^2 + Tg COS ^3 = 0, 

But by (1) Ti sin 0^ = T^ sin 6^, 

and in like manner, T^ sin ^^ = T3 sin ^3, 

.'. T^ sin ^1 = 7*2 sin 0^ = T^ sin ^3 = X suppose ; 

.7T__A_ T— ^ 7» — ^ 



sin^i* 2 sin^a* ^ sin^,* 
Hence our equation becomes 

X cos ^1 X cos ^2 , ^ ^^^ ^^ 
Sin $1 sm 02 sm 0^ 

or cot ^1 + cot ^3=2 cot ^2' 

The angles ^j, 0^, 0^^ therefore, and in like manner all the 
following angles, are such that their cotangents form an arith- 
metical progression. lu this arithmetical ^ro^e&A\.Q\ivV>\& ^\S^<eiG&i. 
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that the terms must be decreasing, (since the angles increase, 
and therefore their cotangents diminish;) hence the terms >ffill 
at length become negative, that is, the angle will be greater than 
a right angle, and these will correspond to the strings between 
the lowest weight and the point G, 

The set of equations similar to (1) express that the horizontal 
tension of all the strings is the same ; a result which might have 
been anticipated. And this same thing is true of a chain or cord 
suspended from its two extremities, and so forming what is called 
a catenary; that is to say, the horizontal tension is the same at 
all points of the chain or cord. 

XLY, Two equal weights are suspended from two points in 
the same horizontal line, which are two feet apart, by means of 
three threads which are respectively 1, 1 and 2 feet long; prove 
that the three acute angles which the threads make with the 
horizontal line are together equal to two right angles. 

XLYI. If in the preceding problem the connecting threads 
be each one foot long, determine the angles which they make 
with the horizon, and their tensions. 

XLYII. Having alluded to the form assumed by a cord or 
chiun suspended from its two extremities, it may be as well to 
make one or two more remarks upon the same subject. The 
form of the curve we shall not be able to investigate, without 
recourse to a higher portion of the pure mathematics than we 
suppose the student to have at his command ; nevertheless certain 
properties of the curve may be investigated without difficulty. 

* Let A OB be a uniform coi-d, hanging from two points ^^ in 

the same horizontal line ; J) the 

middle point between A and £ ; 

DO a vertical line. Then it is 

evident, that the portion ^C of 

the cord on one side of DQ 

will be precisely similar to the 

portion BC on the other side, 

and C will be the lowest point. 

Now how are we to apply our principles of equilibrium, which 

have been investigated for a particle and for a rigid body, to the 

case of a cord which is neither the one nor the other! The 

method adopted is as follows. 

Let P be any point in the cord, and let the length of OP =8. 
Then since the cord is at rest, it will not affect the equilibrium if 
wo suppose the portion CP to become rigid ; suppose, for instance, 
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.OP. to be impregnated with some fluid which solidifies, so that 
CP hangs like a wire with coi*ds at its extremities. The rigid 
piece CP will be held in equilibrium by the vertical force of its 
own weight, which will be proportional to 8 and will act through 
its. centre of gravity, and by the tensions of the cord at C and P ; 
now these tensions will be in the directions of the tangents of the 
curve at those points, therefore the tension at C will be evidently 
horizontal, and that at P will be in the direction of EP, suppose. 
We have already explained that the horizontal tension will be 
^ the same at all points of the catenary, therefore the tension at O 
which is wholly horizontal will be equal to this constant horizontal 
tension ; let c be the length of cord the weight of which would be 
equal to this tension, then as the weight of CP is to 8, so is the 
tension at C to c. In like manner, denote the unknown tension 
atP by t, where t is in fact the length of cord whose weight would 
produce that tension. 

Now draw PF horizontal, that is, perpendicular to DCE, 
Then CP is kept in equilibrium by the three forces s, c, t which 
act in directions respectively parallel to FE, PF, EP; therefore 
• by the Triangle of Forces, 

8 : c :J :: FE : PF : EP. 

hetFEP^e, then 

-=_=cot^ (1), 

t EP 
and - = -KT,= cosec 6. or ^^ = c' + s*. . . (2). 
c PF 

We cannot proceed any further in the solution ; but it will be 
seen that we have obtained two important results. 

For (1) gives us the law accord mg to which the direction of 
■the tangent of the catenary changes as we proceed from the lowest 
point ; and it will be interesting to notice how this result may be 
obtained from the corresponding equation in the investigation of 
the funicular polygon. 

Now we may regard a uniform cord as a series of equal weights 
connected by strings of indefinitely small length, and then the 
direction of the string joining any two weights will be the direction 
of the tangent at the correHponding point of the catenary. Let 
then the cord a be divided into any number (p) of equal parts ; then 

the weight of each portion will be measured by -. Now resuming 
G. 8. Vl 
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equations (1) anid (2) <^ ^e funioular polygon (p. llS&f, wd Bftre 

Tj shi B-^ = a'^sin ^, = c,^ 

T^ 008 ^ -^r^ 008 ^2» - ; 

A C cot ^1 - tf^cot ^- * - , 

OP, coli^x.''cot^,=^-,? 

in like DMuonerji oot ^. - ooi ^.«~ . - . 

3^ e. 



and cot ^p - cot ^^1 K - . - •• 

. 1* ^ 
therefore, adding all these equations togethfVi/ 

1 « 8 
cot (^ - cot ^-4.ia»« X - . -s»- , 

But at the lowest point of the catenary ^^i^90^,. or 
cot ^1^.1 = ; and 6^ is the angle which we have, called tf ilk tbs 
investigation of the catenary; 

•*• cot ^ = - as before, 
c 

Again, equation (2) gives us the law according to which the 
tension of the cord in the catenary varies from point to point. 
This may be in like manner deduced from the equation (1) of 
the funicular polygon. 

XLVIII. The following is an example of the application of 
the preceding investigation. 

A chain of given wdght is suspended from two equal verjllcil 
posts of given height, and the angle which the chain makes vdtli 
either post at the point of suspension is observed. To find the 
zooment of the force which tends to overturn one of the posts. 

If A be the height, of one of the posts, then, 
according to our previous notation, ch is the 
moment required. To determine c, we observe, 
that if TF be the whole weight of the chain, 
and a the angle which the chain makes with 
either post, then 

— =cot a« 

,!.c=Trtana, 
and Wk tan a is the moment required. 
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It may ^ remarked here, that although a cord may be 
stretched so as to be for all practical purposes horizontal, as in 
the case of a pianoforte string, yet it never can be so accurately* 
In the preceding investigation a cannot be 90^ ualess either W=0 
orc=oo. 

XLIX. Analogous to the problem of the funicular polygon 
is that of the conditions of equilibrium of a system of beams^ 
resting one upon another so as to fonn a kind of al^fa. Thd 
essential distinction between the two problems is, that in the case 
of the beams we have a series of equations of riKmentSt which 
do not occur in the other. 

To simplify the problem we y C^ ^f^^^v 

will suppose the beams to be all jy ly^ ^^ 

equal and uniform, and thi^t ^ "R^/yW \ 

there are an even number of A^J^"^ \ 

them. Then the arrangement fAw* \ 

will be such as is represented in J^ — ^>^ -^^ 

the figure. 

Let us consider the forces which act. Upon each beam there 
will be the vertical force IT, its weight, acting at its middle point. 
At each extremity of each beam there must be a force, which 
it will be convenient to consider as resolved into a horizontal and 
a vertical part; this will be convenient, because it is evident 
that all the horizontal parts must be the same throughout the 
system, and we may therefore denote them by <me common 

symbol X i let T^ T^ F3, be the upward vertical pressures 

at the lower extremities of the Ist, 2nd, 8rd, beams respec- 
tively, reckoning from the lowest; and let Bit B^ 6^, be the 

angles which the same make with the horizon. Also let there be 
2n beams, and let the length of each be a. 

Then the mechanical equations for the n beiuns on the leJEi of 
the vertical through the highest point D will be as follows: 

riacos^i+raacos^i=2Xasin^i J ^ '* 

^•-^»=^' ,j (2). 



T^ cos e^ -f r,a cos ^»= 2Xa sin 0^ 



>« 



.1 -■•- <•> 



,«nna P-^-9[TVxaiTi A. \ " ^ ' 



IT.acos $m = SXasin On 

It will be observed that there is no vertical pressure upon the 
upper end of th^last or n^ beam. Thna ve^ bAN^ "la^ wsisa^«>si^» 
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involving 2» + l unknown quantities, viz. X, Fj, Fg,...!^., ^j, 
0^f...0^ We must have one geometrical equation, which will 
result from the fact of the distance A A' between the points of 
support of the system being given ; call it 2c, then we have 

acos^i + acos 6^+ ... + acoB 6»—c .(w+1).. 

We can proceed a little further in the solution of the problem. 

We have Y^=Wy 7._i-r.= ir; 

in like manner r',_2=3Tr, and so on. 

Lastly, Y-^=nW, 

This result might have been foreseen, since the points of 
support Af A' bear the whole weight of the beams, that is, the 
vertical pressure upon them is 2nW* 

Again, we have 

2Xtan^i=Fi+r2=w]7+(n-l)Tf=(27i-l)Pr, , 

2Z tan ^a= ^3+ Y^-={n-\) TF+ (7i-2) lF=(27i-8) F, 



2Ztan^.= F.= T7; 



tan ^1 __ 2?t - 1 tan^3__2n-3 „ tan^..^^ 

\ ' * tan^a~iJ»-3* tan^j~2?i-5* °'' tan^, ~" * 

• We cannot carry the solution any further, because of the 
unmanageable character of the equation (n + 1). 

L. Three uniform beams rest upon abutments, as in the 
preceding [ problem. Write down the equations necessary for the 
solution of the problem. . 

. LI. Let A£, BC, CD be the three beams; and let AB 
=iBC, Mid AD =i 01)= 2AB ; then if a circle be described through . 
B and and touching the horizontal line through B, it will pass 
through the point of intersection of AB, DC produced. 

LII. Two equal beams rest upon a smooth horizontal plane, 
bearing upon each other at their highest points and having their 
lower extremities connected by a string of given length ; find the 
tension of the string. 

In common roofs the lower extremities of the principal ra^fters 
are frequently connected by a beam called a tie-beam; the result 
of the preceding problem will point out the use of the tie-beam, 
in preventing any spreading of the waUs in consequence of the 
outward pressure caused by the weight of the roof. 
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LIIL Supposing the surfaces of the stones, or votisaoirSj of an 
arch to be perfectly smooth, to detennine the conditloiiB of equi* 
librium. 





Let A BCD be the arch, composed of perfectly smooth stones^ 
vhich press against each other, and rest upon solid masoniy at 
AB and CD. 

Consider the equilibrium of the first stone, or youssoir, 
ABBiAi^ the weight of which call Wi, which acts through the 
centre of gravity. Now the pressures of the voussoir upon the. 
stone- work atAB will be equivalent to some one pressure R acting 
at a point P perpendicularly to ^^. Let the direction of thia 
pressure meet that of TTi in ; then the pressure between the 
first and second voussoirs must be a pressure Bi passing through 
0: therefore if we draw OPi perpendicular to AiB^j this will be 
the direction of B^. In like manner we may determine the 
direction of the action between the second and third voussoirs,. 
and so on. 

Let 60i62...he the angles which AB, AiBi, A^^ ... make 
with the vertical. Then we shall have the following equations, 

22 cos ^ - i?i cos ^1=0, ) . 

JK sin ^^ J2i sin ^i= H^i 5 ^^' 

Rl cos ^1 - i?5 COS ^2 = 0,) ,Q. 

JJisin^i-JBaSin^a=Tr, ) * ^ ^' 

&C. &C* 

The analogy of these equations to those of the funicular 
polygon win at once be noticed. 

We shall not pursue this investigation further, but will point 
out a simple geometrical construction by means of which we can- 
determine, if the directions of the joints of the voussoirs be given, 
tile relations of the weights, and vice vend, 

(1) Let the directions AB, AiB^, &c. be given. 

Through any point X draw Za, Xo^^ Xa2...paraUel to ii^, 
Aifiif il 2^2,... and draw any horizontal line cix^^tAxi^ \>Vl^ ^Sw;^^ 
lines mlffSi, dg, . .respectively. Then t\xe «to8A.\^\i '^^^"Vib^'b^ v-^ 
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a, ct^ 




will be proportional in length to the 
weights ITi 1^2 . . . The student will easily 
supply the proof. 

(2) Let.the weights W^, TTj, W^,., 
be given. The direction of the face of 
the abutment AB is arbitrary, let it be 
ahX\ and through any point X in it, draw 
a straight line parallel to the face of the 
other abutment (not represented in the 
figure). Draw a horizontal line catting these two, and divide the in- 
tercepted part in hy, &s,...so that 56}, &j6, ...shall be in the 
same proportion as W-^ TTj,... Join Xb^t Xb^ ... ; these wiU be . 
the required directions of the joints. 

The preceding investigation, though useful as an illustration 
of statical principles, is of no practical value in the construction 
of arches. For the hypothesis of the smoothness of the youssoirs 
is one which does not hold even approximately; the force cli 
friction is necessarily great, and may be made as lai^e as we 
please. An arch constructed upon the preceding piindpks- 
would stand; but with this peculiarity^ that any additional 
pressure to any one of the voussoirs would cause that voussoir 
to sink and others to rise, until the lint of pressure had ad- 
justed itself to the altered circumstances. But when tl^e friction 
is such as to prevent the voussoira from sliding upon each other, 
the arch cannot give way except by Ireahing: and a little con-. 




adoration will shew that it must break into at least ikree portions, 
and the fractures must be alternately in the extrados and irUrados,, 
pr external and internal curve of the arch. The true theory of 
the arch therefore is much more nearly connected with that oi 
the equilibrium of beams, than that of the. theoretical problem ol 
an arch buUt "^ith smooth voussoirs. 

* 

' LlV. A string having its extremities fixed to the ends of a^i 

uniform rod, of weight W, passes over four tacks, so as to fonn 

4 reguiar hexAgon ; the rod, vrViicli \b \iomoiEL\i82i)\Maxk\^ ^ia of the 
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sides; find the tension of the string and the vertical pressure on 
each tack. Shew also that the rod cannot hang in any other 
than a horizontal position. 

LY. If one of the highest tacks be removed, compare the 
vertical pressure upon the other highest tack with its value as 
obtaii^ed in the preceding problem, 

LVX Still forther ; of the three remaining tacks remove that 
which is furthest from the highest, and again calculate the 
vertical pressure upon the highest tack. 

LYII. A uniform beam rests with one end upon a given 
smooth inclined plane, and is supported upon a prop which is at 
a given distance from the inclined plane; determine the limits 
between which the length of the beam must lie in order that equi* 
librium may be possible. 

LyiII. If in the preceding problem the beam be too long for 
equilibrium to be possible, and instead of merely resting upon 
the inclined plane it be therefore attached at a given point by,' 
means of a hinge, find the direction and magnitude of the strain 
upon the hinge. 

. LIX. A ladder rests in a given position against a smooth 
wall with its foot upon a rough pavement ; determine the weight 
which must be placed at its foot to prevent it from sliding ; the 
coefficient of friction for the ladder and the weight being both 
given. 

LX. An equilateral triangle of given weight is supported 
TSa. a horizontal position by three equal threads ; the strength of 
the threads is such, that two of them would just support the 
triangle; determine the greatest weight which can be ph^ied upon 
the triangle without breaking the threads. 

LXI. A ladder rests against a wall ; given the weight of the 
ladder, the angle which it makes with the horizon, and the co- 
efficient of friction both for the ground and also for the wall; find 
how high a man of given weight can ascend vdthout causing the 
ladder to slip. 

' LXII. A uniform string hangs in equilibrium over two pegs 
(not in the same horizontal line), shew by general reasoning that 
the two extremities must be in the same horizontal line. 

First suppose that we have four pegs A, B, C, D, in the same 
vertical plane, of which A is vertically over (7,. and B vertically 
over i>; ibid let C and i) be in the same horizontal line^ but A 
And B not in the same horizontal Une^ T^<b vgl ^i:i^<i»s!^ ^«v&%x 
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and suspend it upon these four pegs ; then it will airange ; 
- in some position of equilibrium, forming a festoon or cate 
from ^ to ^, and another from (7 to D ; the catenary CD wi 
peifectly symmetrical with respect to C and i>, and therefon 
produce precisely the same tension at (7 as at i>: what 
horizontal tension there may be at C and D will be counten 
by the pegs, and the vertical tension will be equivalent to 
equal weights hung upon the strings AC and BDi these c 
weights may be represented by two equal pieces of string 
DF'f hence equilibrium will still subsist if we remove the 
C and D, and the catenary CD, and instead thereof add 
equal lengths of string CE and DP, We have now the si 
EABP in equilibrium upon the two pegs A, D, with its 
tremities in the same horizontal line ; and conversely it it 
difficult to shew, that the string cannot be in equilibrium u 
its extremities are in the same horizontal line. 

Suppose A and j9 to be in the same horizontal line, then 
easy to calculate the length oiAE and BF in order that there 
be equilibrium. For we have already proved the general fon 
for the tension <> = «^ + cK Hence if 2iS be the whole length o 
string we must have AE*=(S- AE)* + c« ; and 2AE x S= S* 

LXIII. A hemisphere is placed with its base in contact 
a smooth wall, and it is moveable about a hinge at its lo 
point; a string fixed to a point in the wall vertically over 
hinge carries a weight, which presses the string against 
hemisphere, and so preserves equilibrium: find the snif 
weight which will answer the purpose. The distance of the i 
of attachment of the string from the hinge may be taken 1 
three times the radius. 

When the system is in equilibrium, the student will obc 
that the string may be supposed to be fastened to the hemisp 
at the two extreme points of the arc of contact, and therefor 
action of ihe string will be reduced to isk&i of ^two forces at t 
two points, each equal to the suspended weight. 

LXIY. A sphere rests upon two inclined planes; fine 
pressure sustained by each. 

LXY. A sphere rests upon a fixed horizontal plane: 
equal rods, connected together at their higher ends by a hi 
rest symmetrically upon the sphere, their lower ends tone 
without pressing the horizontal plane. Find the inclinatio 
either rod to the verticaL 

LXYI. An isosceles right-angled triangle rests in a vei 
phne with the right angle .do^ini'waxdB,\)etV9i«^iDL \i^Q ^^«\g^ 
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distance a from each other in a horizontal line ; determine the 
positions of equilibrium. 

LXVII. If be the centre of gravity of a triangle ABC^ 
three forces in the direction of and proportional to OA, G£, GO, 
will keep a particle at at rest. 

LXVIII. A hemisphere is supported by friction with its 
curved surface resting upon a horizontal and in contact with 
a vertical plane ; find the limiting position of equilibrium* 

. LXIX. AB ia a, rod capable of turning freely about its 
e^Ltremity A, which is fixed ; CJD is another rod equal to 2AB, 
and attached at its middle point to the extremity B of the former, 
89 as to turn freely about this point; a given force acts at in 
the direction CA, find the force which must be applied at D in 
Order to produce equilibrium. 

^ . LXX. A uniform beam is hung from a fixed point by two 
unequal strings of given lengths attached to its extremities : com- 
pare the tension of each string with the weight of the beam. 

LXXI. If a set of forces, acting at the angular points of a 
plane polygon, be represented in magnitude and direction by the 
sides, taken in order, shew that the tendency to turn the body 
about an axis perpendicular to the plane of the polygon is the 
same through whatever point of the plane the axis passes. 

' LXXII. A triangular board of given weight rests in equi- 
librium with its base on a horizontal plane sufficiently rough to 
prevent all sliding. A force acts upon it in its own plane and 
in a given line through the vertex and without the triangle; find, 
the limits between which the magnitude of the force must lie if , 
the equilibrium is preserved. 

' LXXni. Two equal circular disks with smooth edges, placed 
on their fiat sides in the comer between two smooth vertical* 
planes inclined at a given angle, touch each other in the line 
bisecting the angle. Find the radius of the least disk which, 
may be pressed between them without causing them to separate. 

: LXXIV. If two scales, one containing a weight P and the 
other a weight Q, be suspended by a string over a rough sphere, 

and if Q be on the point of descending, then the weight — p — 

put into the opposite scale will make that scale to be on the point 
of descending. 

LXXV. A uniform and straight plank rests with its middle 
point upon a rough horizontal cylinder "^rhi^Vi \& ^^.^A^ ^^ 
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directions being perpendicular to each other. Find the greatest 
weight that can be put upon one end of the plank without 
causing it to slide from the cylinder. 

LXXVI. A square rests with its plane perpendicular to a 
smooth wall, one comer being attaclied to a point in the wall by 
a string the length of which is equal to a side of the square: 
shew that the distances of Uiree of its angular points from thd 
wall are as 1, 3, and 4. 

LXXVII. Aheavy equilateral triapgle, hung up on a smooth 
peg by a string the ends of which are attached to two of its 
angular pcnnts, rests with one of its sides vertical ; shew that the 
leqgth of the string is double the altitude of the triangle. 

LXXYIII. One end of a beam, whose wdght is TT, is placed 
on a smooth horizontal plane; the other end, to which a string la 
fastened, rests upon another smooth plane, inclined to the horizon 
at an angle (a) ; the string passing OTer a pully at the top of the 
inclined plane hangs vertically, supporting a weight (P). Shew 
that the beam will rest in any position if a certain relation hold 
between P, Wy and a. 

LXXIX. A cylinder, the base of which is in contact with a 
smooth vertical plane, is supported by a string fastened to it at a 
point of its curved surface whose distance from the vertical plane 
is X. Shew that x must be intermediate in value to & -^ 2a tan B, 
and 5, where 2& is the altitude of the cylinder, a the radius of the 
base, and 6 the angle which the string makes with the yerticalu 

LXXX. A flat board in the form of a squM« is suppwted 
upon two smooth props with its plane vertical; investigate an 
equation for determining its positions of equilibrium, the distance 
between the props being equal to half a side of the square. 

The equation required is cos 9- sin ^=cos (2^+ a), where a is 
the angle which the stnught line joining the props makes with 
the horizon, that which one side of the square makes with the 
same. 

LXXXI. A pack of cards is laid on a table ; each projects In 
the direction of the length of the pack beyond the one b^ow it; 
if each project as far as possible, prove that the distances between 
the extremities of the successive cards will form an ha^rmonio 
progression. 

IiXXXII. A uniform slender rod passes over the fixed point 
A and under the fixed point B, and is kept at rest by the frkstion 
at the points A and B; determiiie the limiting position of equi* 
libzium. 
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LXXXIII. Pour uniform slender roda AB, SO, CD, DA, 
rigidly connected, form the sides of a quadrilateral figure, such 
that the angle ii is a right angle, and the points B^ O, J) are 
equidistant from each other; when the whole is suspended at the 
angle A, determine the position of equilibrium. 

LXXXrV. A uniform bent lever, the arms of which are at 
right angles to each other, is just capable of being' inclosed in the 
interior of a smooth spherical surface ; determine the position of 
equilibrium. 

It will be seen that the plane of the lever must be vertical, 
so that the directions of the forces will all lie in one plane. 

LXXXY. Two unequal weights, connected by a straight rod 
without weighty are suspended by a thread of given length, 
fastened at the extremities of the rod, and passing over a fixed 
point; determine the position of equilbirium. 

LXXXVI. A piece of uniform wire is formed into a triangle ; 
find the distance of the centre of gravity of the periphery of the 
triangle from each of the sides ; and shew that ii x, y^zhe the 
three distances, and r the radius of the inscribed circle, then 

4iKyz - r*(iB + y + z) = r'. 

LXXXVII. A uniform rod of length I is cut into three 
jwrtions a^bfC; and these are formed into a triangle. When the 
triangle is placed in unstable equilibrium, resting with its plane 
vertical, one of its angular points being supported upon a smooth 
horizontal plane, find the angles which the uppermost side makes 
with the horizon; and shew that, if a, j3, y be the three angles 
corresponding to the several cases of a, b, e being the uppermost 
side, then 

{l+a) tan a + p+6) tan /3+ {1+ c) tan 7= 0. 

LXXXVIII. A smooth body in the form of a sphere is divided 
into hemispheres and placed wilJi the plane of division vertical 
upon a smooth horizontal plane ; a string loaded at its extremities 
'^th two equal weights hangs upon the sphere, passing over its 
highest point and cutting the plane of division at right angles; 
find the least weight which will preserve equilibrium. 
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With a Table of St Paul's Travels, and an Essay on the State after 
Death. Secowi Edition, enlarged. To which are added a Few Words 
on the Athanasian Creed, on Justification by Faith, and on the Nintii 
and Seventeenth Articles of the Church of England. By A BISHOP'S 
CHAPLAIN. 8vo. 8s. 6d, 
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Butler's Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by the late W. WHBWELL, D.D. With 
a Preface and a Syllabus of the Work. Third Edition. Fcp. 8vo Zi.6d, 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By W. G. HUMPHRY, B.D. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. it. 6d. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Dedgned principally for the use of Candidates 
for the Ordinary B.A. Degree, Students for Holy Orders, Ac, vitii 
College and Senate-House Examination Fapen. By the BeT. T. B* 
MASKEW, M.A. Second Edition, enhirged. 12mo. 6t. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Bight Beverend Father in Ood, J. PEABSON, D.D. late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of Bbhop's College, Cal- 
cutta. By W. H. MILL, D.D. Tldrd Edition, revised and corrected. 
8vo. 6*. 

Hints for some Improvements in the Authorised 

Version of the New Testament By the late J. SCHOLEFIELD, M.A. 
Fourth Edition. Fcap. 8vo. is. 

A Plain Introduction to the Criticism of the New 

Testament. With 40 facsimilpe from Ancient Manuscripts. For the use 
of Biblical Students. By F. H. SCBIVSNSB, M.A. Trinity CoUege, 
Cambridge. 8vo. ISt. 

The Apology of Tertullian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A. WOODHAM, LLD, Second 
Edition. 8to. 8#. 6d. 



Six Lectures Introductory to the Philosophical 

Writings of Cicero. With some Explanatory Notes on the subjecl- 
matter of the Academica and De Finibus. By T. W. Lxtin, M.A., 
St Catharine's College, Inter-CoUegiate Lecturer on Logic and Moral 
Philosophy. 1 voL 8vo. 7s. 6d. [Beady, 

JEschylus. Translated into English Prose, by 

F. A. PALEY, M.A. Editor of the Greek Text. Second Edition, 
revised and corrected. 8vo. Is. fid. 

^tna. Bevised, emended, and explained, by 

H. A. J. MTJNBO, M.A., FeUow of Trinity College, Cambridgttb 
8vo. St. 6(1. 
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Aristophanis Comoediae superstites cum deperdita- 

rum fragmentis, additls argumentii, adnotatione critica, metrorum de- 
■criptioDe, onomastico et lexico. By the Rev. Hubkkt Holdxh, LL.D., 
late Fellow of Trinity College, Cambridge. Third Edition. 

Vol. I. containing the text expurgated with Bummaries and critical 
notes, also the fragments, 18«. 

The plajrs sold separately: Achamenses, 2t. Equitee, Is. M. Nubes, 
It. 6d. Yespae, 2t. Pax, Is.M. Aves, 2s. Lyristrata et Thesmophoriazusae, 
8f . Ranae, 2s. Ecclesiazusae et Plutus, Zt, 

Vol. IL Onomasticon Aristophanevm continons indicem geogra- 
phicvm et historicvm, 6s. 6d. {all published). 

Demosthenes, the Oration against the Law of Lep- 

tines, with En^h Notes, and a Translation of Wolfe's Prolegomena. 
Edited by B. W. BEATSON, M.A. Fellow of Pembroke College, Cam- 
bridge. Second Edition. Small 8vo. 9s. 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By B. 8HILLET0, A.M. 8to. Ss.9d. 

Euripides. Fabulse Quatuor, scilicet, Hippolytus 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fldem 
Manuscriptorum ac veterum Editionum emendavit et Annotationibos 
instruxit J. H. MONK, 8.T.P. Editio nova. 8vo. I2s. 
Separatelp—BippolpnB, 8vo, cloth, bs. ; Alcestis, 8vo, sewed, is. 6d. 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the Bev, H. A. J. MUNRO. M.A. Fellow 
of Trinity College, Cambridge. Second Edition, revised throughout. 
2 Vols. 8vo. VoL I. Text, 16s. YoL II. Translation, 6s. May be had 
separately. 

Plato. The Apology of Socrates and Crito. "With 

Notes, Critical and Exegetical, Introductory Notices and a Logical 
Analysis of the Apology. By WILHELM WAGNER, Ph. D. Post 
8vo. is.6d. 

Plato. ThePhaedo. With Notes by W. Waqneb, 

Ph. D. Post 8vo. &S. 6dL 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Argument. By 
B. M. COPE, M.A. Fellow of Trinity College, Cambridge. 8vo. 7«. 

Plato. The Protagoras. The Greek Text revised, 

with an Analysis and EngUsh Notes. By W. WAYTB, M.A., late 
Fellow of King's Collate, Cambridge, Asdstant Mastmr at Eton. 8vo. 
Second Edition. 

Plautus. Aulularia. With Notes, Critical and 

Exegetical, and an Introduction on the Plautiao Metres and Praeody. 
By Dr WM. WAGNER. 8yo. 9s, 
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Propertius. Verse-Translations from Book V. With 

a ReTisod Latin Text, and Brief English Notes. By F. A. PALET« M.A. 
Editor of Propertius, Ovid's Fasti, &G. Fcp. 8vo. it, 

Quintilian. The Tenth Book. Latin Text, with 

Introduction, Analysis and Commentary. By JOHN E. B. MAYOR, 
M. A. Fellow of St John's College, Cambridge. PrqMxring, 

Terence. With Notes Critical and Exegetical, an 

Introduction and Appendix. By W. WAGNER, Ph. D. Post Sra 
10«. 6el. 

Theocritus, with short Critical and Explanatory 

Latin Notes. By F. A. PALEY, M.A. Second Edition, corrected and 
enlarged, and containing the newly-discovered Idyll. Crown 8vo. As, 6d„ 

Theocritus. Translated into English Verse by 

C. 8. CALYEBLE Y, late Fellow of Christ's College, Cambridge. 7#. 6d. 

Thucydides. The History of the Peloponnesian 

War by Thucydide& With Notes and a careful Collation of the two 
Cambridge Manuscripts and of the Aldine and Juntine Editions. By 
RICHARD SHILLETO, M.A. Fellow of Peterhouse. In the Pres*. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 
considerably enlarged. 8vo. 16». 
Written with constant reference to the latest and most esteraaed of 
Greek Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the h&te J. W. DONALDSON, D.D. TUrd Edition, 

considerably enlarged. Svo. lis. 
Designed to serve as a convenient hand-book for those students who 
wish to acquire the habit of writing Latin ; and with tliis view it 
is furnished with an Antibarbarus, with a full discussion of the most 
important synonyms, and with a variety of information not generally 
contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 

,tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, DJ). 
Third Edition, revised and considerably enlarged. 8vo. 16^. 

Exercises on Latin Accidence, by John E. B. 

MAYOR, N.A. Fellow of St Jolm's College. Second Edition. Crown 
8vo. Is. 6d. 

Exercises on Latin Syntax, by J. E. B. Mayon 

Parts land 2. 6d.each. 
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The Theatre of the Greeks. A Treatise on the 

History and Eichibition of the Greek Drama : ^th various Supplonents. 
By the late J. W. DONALDSON, D.D. Seventh Edition, revised, 
enlarged, and in part remodelled, with numerous illustrations from 
the best ancient authorities. 8vo. lit. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University 
Teaching. A Practical Essay on Liberal Bducatitm. By the late J. W. 
DONALDSON, D.D. Crown 8vo. 6s. 

Translations. By R. C. Jebb, H. Jackson, and 

W. E. CURREY, Fellows of Trinity College, Cambridge. 

In the Press, 

Translations into English and Latin. By C. S. 

GALYERLET, late Fellow of Christ's College, Cambridge. Small 8vo. 
7s. 6d. 

Axiindines Cami : sive Musarum Cantabrigiensium 

Lusus CanorL CoUegit atque ed. H. DRURY, A.M. Editio quinta, 
Cr. 8vo. 7s. M. 

Foliorum Silvula. Part the first. Being Passages 

for Transition into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Rev. HUBERT HOLDEN, LL.D., Head Master of 
Ipswich School. Late Fellow of Trinity Collie. Cambridge, Classical 
Examhier in the University of London. Fifth Edition. PostSva 

Folionim Silvula. Part the second. Being Select 

Passages for Translation into Latin Lyric and Comic Iambic Verse. 
Arranged and edited by the Rev. Dr HOLDEN. Third Edition. 
PostSvo. 6s. 

Poliorum Silvula. Part the third. Being Select 

Passages for Translation into Greek Verse. Edited with Notes by 
the Rev. Dr HOLDEN. Third Edition. PostSvo. 8s. 

Folia Silvuloe, sive Eclogse Poetarum Anglicorum 

in Latinum et Grsecum convenae quas disposuit HUBERTUS 
HOLDEN, LL.D. Volumen Frius. Continens Fascicules I. II. Post 
Svo. 10s. 6d, Volumen Alteram continens Fascicules IIL IV. J3s, 

Foliorum Centurise. Being Select Passages ' for 

Translation into Latin and Greek Prose. Arranged and edited by 
the Rev. Dr HOLDEN. Fourth Edition. PostSvo. Bs, 
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Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek 
Verses of Shrewsbury School. By the Rev. GEORGE PRESTON, 
Fellow of Magdalene College, Cambridge. Small 8va 4r. 6d. 

Sertum Carthusianum Floribus trium Sseculorum 

Contextum. Cura GULIELMI HAIG BROWN, Scholae Carthusianfle 
ArchididascalL 8vo. 14r. 

Mvsse Etonenses sive Carminvm Etonse Condito- 

rvm Delectvs. Series Nova, Tomos Dvos, Complectens. 8vo. IBs. Kdidit 
RIOARDUS ORES, S.T.P., Coll. Regal, apva Cantabrigienses Prspo- 
sitvs. Vol. II., to complete Sets, may be had separately, price 5i. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d. 

Cambridge Examination Papers, 1859. Being a 

Supplement to the Cambridge University Calendar. 12mo. 2s. 6d. 

Containing the various Examination Papers for the Tear. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The Examination Papers of 1856, 1857 and 8, 2s. 6d. each, 

map stm be had. 

A Manual of the Boman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By G. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court. 8vo. 12s. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. 
Edited by WILLIAM WALTON, M.A. Trinity College, with a 
Biographical Memoir by H. GOODWIN. D.D. Bishop of Carlisle. 
8vo. 16s. 

Lectures on the History of Moral Philosophy in 

England. By the late Rev. W. WHEWELL, D.D. formerly Master 
of Trinity College, Cambridge. New and improved Edition, with 
Additional Lectures. Crown 8vo. 8s. 

The Additional Lectures are printed separately in Octavo for the conve- 
nience of those who have purchased the former Edition. Price )is. 6dL 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADT EL BARRANT. By the late W. J. 
BE A MONT, M.A. Fellow of Trinity College, Cambridge, and Incum- 
bent of St Michael's, Cambridge, sometime Principal of the English 
College, Jerusalem. Price Is. 

A Syriac Grammar. By G. PHILLIPS, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 
8vo. Is. 6d, 



Now ready ^ fep. 8fN>. price 5e, 

of Cambrfiige^ 

REVISED AND CORRECTED IN ACCORDANCE 
WITH THE RECENT REGULATIONS. 

Intboduction, by J. R. Sebley, M.A. 
On University Expenses, by the Rev. H. Latham, M.A. 
On the Choice op a College, by J. R. Seeley, M.A. 
On the Course of Reading for the Mathematical 

Tripos, by the Rev. W. M. Campion, B.D. 
On the Course of Reading for the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course of Reading for the Moral Sciences 

Tripos, by the Rev. J. B. Mayor, M.A. 
On the Course of Reading for the Natural Sciences 

Tripos, by Professor Liveing, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor E. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rev. J. R. 

LUMBY, M.A. 

Examinations for the Civil Service of India, by the 

Rev. H. Latham, M.A. 
Local Examinations of the University, by H. J. 

RoBY, M.A. 
Diplomatic Service. 
Detailed Account of the Several Colleges. 

"Partly with the view of assisting parents, guardians, 
Bchooknasters, and students intending to enter their names at 
the University-^pai-tly also for the benefit of undergraduates 
themselves — ^a very complete, though concise, volume has just 
been iHsued, which leaves little or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but complete, Intro* 
duction."— Saturday Review. 
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